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Abstract. A A'-contact manifold is a smooth manifold M with a contact form 
a whose Reeb flow preserves a Riemannian metric g on M. If M is closed and 
connected, then the closure of the Reeb flow in the isometry group of (M, g) 
is a torus. The dimension of the torus is called the rank of the ii"-contact 
manifold (M, a). A ii'-contact manifold (M, o) of rank n has an «-preserving 
T"-action. 

We study the geometry of closed 5-dimensional ft'-contact manifolds of 
rank 2. We show the following three theorems: i) A closed 5-dimensional 
i^-contact manifold of rank 2 is obtained from a lens space bundle over a 
closed surface by a flnite sequence of contact blowing up and down, ii) the 
isomorphism classes of closed 5-dimensional /C-contact manifolds of rank 2 are 
determined by graphs of isotropy data which represent the combinatorial data 
of the T'^-actions. iii) A closed 5-dimensional iS"-contact manifold of rank 2 
has a compatible Sasakian metric. We also give a sufficient condition for a 
closed 5-dimensional JsT-contact manifold of rank 2 to be toric. 



Contents 

1. Introduction 2 
Notation 4 

2. Basic definitions and examples 5 

2.1. i^T-contact manifolds and its rank 5 

2.2. Examples of X-contact manifolds 6 

3. Contact moment maps and graphs of isotropy data 8 

3.1. Contact moment maps 8 

3.2. Chains of gradient manifolds IC 

3.3. X-contact submanifolds [l2 

3.4. Combinatorial classification of closed 5-dimensional ii'-contact 

manifolds of rank 2 13 

3.5. Nontrivial chains in contact toric manifolds 21 

4. A sufficient condition to be toric 22 

4.1. Estimate on the number of nontrivial chains 22 

4.2. Two chains imply toric 3C 

5. Contact blowing up for 5-dimensional /C-contact manifolds 47 

5.1. Contact blowing up along a closed orbit of the Reeb flow 47 

5.2. Contact blowing up along a if -contact lens space |48 

5.3. Conditions to perform contact blowing down along a lens space to a 

closed orbit of the Reeb flow 5C 

5.4. Examples of contact toric manifolds 53 

6. Classification up to contact blowing up and down 59 

6.1. Germs of chains 59 

6.2. Contact blowing up to obtain fiber sums |6C 

1 



2 



HIRAKU NOZAWA 



6.3. Contact blowing down in contact toric manifolds 

6.4. Proof of the classification Theorem ll.3l 

7. Existence of compatible Sasakian metrics 

8. Normal forms of if-contact structures 

8.1. Normal forms of X-contact submanifolds 

8.2. Local T-^-actions 

8.3. Normal forms of closed orbits of the Reeb flow 

8.4. Normal forms of X-contact lens spaces and gradient manifolds 

8.5. Normal forms of the minimal component and the maximal component 

of the contact moment map of dimension 3 

References 



102 



103 



1. Introduction 

We study 5-dimensional if-contact manifolds with interest in the geometry of 
5-dimensional Sasakian manifolds. A if-contact manifold is an odd dimensional 
manifold M with a contact form a whose Reeb flow preserves a Riemannian metric 
g on M . Main examples are Sasakian manifolds, more specifically, contact toric 
manifolds and links of isolated singularities of weighted homogeneous polynomials. 

We focus on 5-dimensional iiT-contact manifolds of rank 2. A closed i^T-contact 
manifold [M, a) has rank n if and only if the dimension of closures of generic orbits 
of the Reeb flow on (Af, a) is an rt-dimensional torus. The rank of a (2?! — 1)- 
dimensional closed ii'-contact manifold is less than n + 1. In the case of dimension 
5, the other cases of rank 2 correspond to objects in other geometry as follows: 
In the case of rank 1, X-contact manifolds are S'^-orbibundles over symplectic 
orbifolds. In the case of rank 3, there exists a one to one correspondence between 
the underlying contact manifolds and cones in M?" by the results of Lerman [18j and 
Boyer-Galicki [8]. 

We state our results. Our first result is as follows: 

Theorem 1.1. Two closed 5-dimensional K -contact manifolds of rank 2 are iso- 
morphic if and only if their graphs of isotropy data are isomorphic. 

Graphs of isotropy data of closed 5-dimensional X-contact manifolds of rank 2 
are graphs with the combinatorial data of the T^-actions determined by the Reeb 
flows. See Section [3] for the definition of graphs of isotropy data f Definition 13. lOp . 
By Theoreni ll.il closed 5-dimensional if-contact manifolds of rank 2 are classified 
by combinatorial objects. Theorem 1 1 . 1 1 has the following corollary: 

Corollary 1.2. Two closed 5-dimensional K-contact manifolds (Mq, ao) and (Mi, ai) 
of rank 2 are isomorphic if and only if there exists a difjeomorphism f : Mq — > Mi 
such that /*i?o = Ri where Ri is the Reeb vector field of ai for i = and 1. 

Our main theorem concerns the classification of closed 5-dimensional ii'-contact 
manifolds of rank 2 up to contact blowing up and down. Let (M, a) be a closed 
5-dimensional if-contact manifold of rank 2. We denote the maximal component 
and the minimal component of the contact moment map by Smax and -Bmin re- 
spectively. Note that Smin and Smax are either closed orbits of the Reeb fiow of 
a or 3-dimensional submanifolds of M (See Lemma l3.3|) . Our main theorem is the 
following: 
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Theorem 1.3. (i) // (dimSmax, dinii?i„in) = (3,3), then {M,a) is obtained 

from a lens space bundle over a closed surface by a finite sequence of con- 
tact blowing up. 

(ii) // (dimB,„ax,dimBmin) = (1,3) or (dim B,„ax, dini,„in) = (3,1), then 
(M, a) is obtained from a lens space bundle over S'^ by performing contact 
blowing down once after a finite sequence of contact blowing up. 

(iii) // (dim Bmax, dim i?,„iii) = (1,1), then (M, a) is obtained from a lens space 
bundle over S"^ by performing contact blowing down twice after a finite 
sequence of contact blowing up. 

Contact blowing up is defined as special cases of contact cuts defined by Lerman 
[17j . See Section [5] for the definition of contact blowing up. Contact blowing down 
is the inverse operation of contact blowing up. We have the following corollary: 

Corollary 1.4. Any closed b-dimensional K-contact manifold of rank 2 is obtained 
from a lens space bundle over a closed surface by a finite sequence of contact blowing 
up and down. 

We state two other results on the relation between geometry of 5-dimensional K- 
contact manifolds of rank 2 and toric or Sasakian geometry. Let G be the closure 
of the Reeb fiow in the isometry group Isom(M, g) for a Riemannian metric g 
invariant under the Reeb flow. We denote the action of G on M by p. The identity 
components of the isotropy groups of p at the maximal component and the minimal 
component of the contact moment map on (M, a) for p by G„iax and Gmin- 

Theorem 1.5. Assume that 

(i) every closed orbit of the Reeb flow of a is isolated and 

(ii) there exists an -subgroup G' of G such that the orbits of the action of 
G' is transverse to ker a on M and both of G' x G 

max and G x Gniin are 

isomorphic to G, 
then there exists an a-preserving -action on {M,a). 

Theorem 1.6. A closed 5-dimensional K-contact manifold (M, a) of rank 2 has a 
Riemannian metric g such that {g,a) is a Sasakian metric on M. 

Note that the condition (i) in Theorem ll.5l is equivalent to assume that dim -Bmin = 
1 and dimi?i„ax = 1 by Lemma 13.31 The condition (ii) in Theorem ll.Sl can be trans- 
lated into a condition on the image of the contact moment map (See Lemnia l4.2|) . 
See Section [7] for the definition of Sasakian metrics (Definition 17. ip . 

We explain our method of the proof of our theorems and the relation of our results 
with study on 4-dimensional symplectic manifolds. Our main tool is the Morse the- 
ory for the contact moment maps for T^-actions associated with ii'-contact forms. 
The Morse theory for moment maps was effectively used to study 4-dimensional 
symplectic manifolds with hamiltonian S'^-actions by Audin p], Ahara-Hattori [1] 
and Karshon [1^ . The 5-dimensional if-contact manifolds of rank 2 are classified 
by graphs by Theorem ll.il as 4-dimensional symplectic manifolds with hamiltonian 
S'^-actions (See Theorem 4.1 of Karshon [IBj). But the combinatorics of the clas- 
sification are different from the 4-dimensional case. Ahara-Hattori and Karshon 
showed that any 4-dimensional symplectic manifold with a hamiltonian S'-'^-action 
can be obtained from CP^, Hirzebruch surfaces or ruled surfaces by a sequence of 
S'^-equivariant blowing up at the fixed points of the S'^-action (See [1] and [16]). The 
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S'^-equivariant blowing up for 4-dimensional symplectic manifolds at fixed points 
of the hamiltonian S'^-action corresponds to contact blowing up along closed orbits 
of the Reeb flow for 5-dimensional ii'-contact manifolds of rank 2. But the classi- 
fication of 5-dimensional iiT-contact manifolds of rank 2 up to a finite sequence of 
contact blowing up along closed orbits of the Reeb fiow and its inverse operation 
is more complicated even in the case of contact toric manifolds as we will see in 
Subsection l5.4l If we allow to perform contact blowing up along lens spaces and its 
inverse operation in addition, we have a classification theorem as Theorem II. 31 

Note that Theorems II. 1[ 11.31 11.51 and 11.61 have a certain correspondence to 
Karshon's results [16| for 4-dimensional symplectic manifolds with hamiltonian 
S'^-actions. But our proof of the latter three theorems without using the corre- 
spondence between manifolds and graphs or the Duistermaat-Heckman measure is 
different from Karshon's method. Our proof of Theorems 11.31 and 11.51 is based on 
the Morse theory of contact moment maps and combinatorial computation on Euler 
numbers of locally free S'-'^-actions on 3-dimensional orbifolds. We use the complex 
orbifold theory to show Theorem 1 1.61 

This paper has eight sections: In Sections 2 and 3, we state the definitions, exam- 
ples and properties of fundamental objects in 5-dimensional iC-contact geometry. 
We show Theorem 1 1.1 1 in Subsection 13.4.21 Section 4 is devoted to prove Theorem 
11.51 We define contact blowing up and down in Section 5 to use in Sections 6 and 
7. Theorem II .31 is proved in Section 6. Section 7 is devoted to prove Theorem ll.6l 
In Section 8, we summarize and prove local normal form theorems in _fC-contact 
geometry, which are our fundamental tools throughout this paper. 

The author expresses his gratitude to Emmanuel Giroux, Klaus Niederkriiger, 
Patrick Massot and Helene Eynard-Bontemps for having valuable discussion on 
this research project at Ecole Normale Superieure de Lyon. He is grateful to Hiroki 
Kodama, Yoshifumi Matsuda, Masashi Takamura, Atsushi Yamashita, Inasa Naka- 
mura, Chikara Haruta, Naoki Katou, Ryo Ando, Tomoyuki Ishida, Jun Ishikiriyama, 
Naohiko Kasuya and Torn Yoshiyasu for attending the long seminar on this paper. 
He expresses his gratitude to Hiroki Kodama for the discussion on contact toric 
manifolds. He expresses his gratitude to Yoshifumi Matsuda for his encouragement 
to complete this paper. Finally he expresses his gratitude to his adviser Takashi 
Tsuboi. 



Notation 

The set of positive real numbers is denoted by M>o. The standard coordinate of 
R>o is written as r. The unit circle {( £ C||C| = 1} in the complex line is denoted 
by S^. The standard coordinate of is written as C- The disk {(zi, Z2, • • ■ ,Zn) & 
C"| l-^iP — of radius e in C" is denoted by D^". The standard coordinate 

of Df^ is written as {zi,Z2,--- ,Zn). We write D^" for fj". The unit sphere 
{(2:1,^2) e 1 1 Zip -I- |z2p = 1} in is denoted by S^. The standard coordinate 
of is written as (zi,Z2)- We regard finite cyclic groups as subgroups of {( E 

c||CI = i}. 

For a topological group H, an 7?-action r on a set A and a r-invariant subset B 
of A, we denote the cardinality of the kernel of H — > Aut{B) by J(r, B). 
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2. Basic definitions and examples 

We define ii'-contact manifolds and give several examples of iiT-contact mani- 
folds. We see that there exist 5-dimensional i^-contact manifolds of rank 2 which 
have no if-contact structure of rank 3 using a result of Lerman [20] . 

2.1. /C-contact manifolds and its rank. 

Definition 2.1. (K -contact manifolds and K-contact submanifolds) An odd di- 
mensional smooth manifold M with a contact form a is called K-contact if there 
exists a Riemannian metric g on M preserved by the Reeb flow. A smooth contact 
submanifold of a K-contact manifold (M, a) invariant under the Reeb flow of a is 
called a K-contact submanifold of (Af, a). 

The Reeb flow on the manifold M with contact form a is the flow generated by 
the Reeb vector field of (M, a). 

We define the rank of iC-contact manifolds. Let (M, a) be a connected closed 
JiT-contact manifold. We take a Riemannian metric g invariant under the Reeb flow 
on (M, a). Then the closure G of the Reeb flow in the isometry group Isom(M, g) 
of (M, g) is a torus, because G is commutative and compact by the compactness of 
Isom(M,g). 

Definition 2.2. (Rank of K-contact manifolds) The dimension of the closure G 
of the Reeb flow in Isom(Af, g) is called the rank of (M, a) . 

We prepare a terminology for the action of G determined by the Reeb flow. 

Definition 2.3. (Torus actions associated with K -contact forms) The action of the 
closure G of the Reeb flow is called the torus action associated with the K-contact 
form a. 

The G-action p has the following properties: 

(i) p preserves a. 

(ii) The orbit of p coincide with the closures of the orbits of the Reeb flow. 
In particular, the singular 5^-orbits of p coincide with the closed orbits of 
the Reeb flow. 

(iii) A smooth Lie group action r on M commutes with p if and only if r 
commutes with the Reeb flow on (M, a). 

(iv) A smooth Lie group action which preserves a commutes with the Reeb 
flow and p. 

Hence the closures of the orbits of the Reeb flow are generically of the same dimen- 
sion as G. 

Finally, we remark that there exists a restriction on the rank of ii'-contact man- 
ifolds. Fix a point x on M. Let C be the orbit of x of p. We show 

Lemma 2.4. TxCn{keT a)^ is a Lagrangian subspace of the symplectic vector space 
{(ker a) X T dax) ■ In particular, the dimension of G is less than or equal to n for a 
(2n — 1)- dimensional K-contact manifold [M, a). 

Proof. We put Xq = R. Let Xi, X2, Xk be the infinitesimal actions of p 
such that {Xqx, Xix, X2x, ■ ■ ■ , Xkx} is a basis of TxC. To show that TxC n (ker a)x 
is a Lagrangian subspace of {(ker a) x, da x), it suffices to show dax(Xix, Xjx) = 
for every i and j. By Lxga — and [Xo,Xj] = 0, we have Xo{a{Xj)) = 
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{LxQa){Xj) + a([Xo,Xj]) — for every j. Then a{Xj) is constant on C, since C 
is the closure of the orbit of x of the Reeb flow. Since Xi is tangent to C, we have 
Xi{a{Xj)) = for every i and j. Since p preserves a, we have Lx^a = 0. Then 
dax{Xix, Xjx) — —Xi{a{Xj)){x). Hence for every i and j, we have dax{Xix, Xj^) = 
—Xi{a{Xj)){x) = 0. Hence Lemma [2^ is proved. □ 

Hence if we have an a-preserving effective r"-action r on a (2n— l)-diniensional 
closed X-contact manifold (M, a), p is a torus subaction of r. 

Lemma 2.5. Let (M, a) be a closed K -contact manifold. Assume that there exists 
an a-preserving effective torus action t on M whose product with p is an effective 
T"^-action t' on M . Then M has a K-contact form of rank m. 

Note that since r preserves a, t commutes with p. 

Proof. The Reeb vector field R is an infinitesimal action of r. Let 51 be the set of 
infinitesimal actions Y of t' such that the orbits of the flow generated by the vector 
field corresponding to Y are dense in the orbits of r'. Then Q is dense in the set of 
infinitesimal actions of r'. By closedness of M, we can take an infinitesimal action 
Yq of t' sufficiently close to R so that a(Yo) has no zero on M. We put /? — a(Xo) 
Since ker/3 = kera, /? is a contact form. Since f}{Yo) = 1 and Lygfi — 0, Fo is the 
Reeb vector field of p. Then the rank of /? is to. □ 

2.2. Examples of X-contact manifolds. 

2.2.1. Circle bundles over symplectic manifolds. Let {B,lu) be a symplectic man- 
ifold. Assume that the cohomology class of uj is contained in the image of the 
canonical map H^{B;Z) — > H^{B;M.). Then there exists a principal S^-bundle 
over B whose Euler class is equal to [ut]. There exists an 5^-connection form a such 
that da = p*uj where p is the projection from the total space M of the principal 
S'^-bundle to B. Then (M, a) is a if -contact manifold. The Reeb vector field R of 
(M, a) generates the principal S'^-action on M. Hence the rank of {M, a) is 1. 

We see that M has a X-contact form of rank 2 if {B,uj) has a hamiltonian 
S'^-action a. We denote a hamiltonian function of cr by ft, and the infinitesimal 
action of cr by X. There uniquely exists a vector field X on M which satisfies 
p^X = X and a{X) = 0. We put F = X - HR. Then the flow generated by 
Y preserves a. Note that a function h' = h + c is also a hamiltonian function 
of (T for an arbitrary constant c. We can choose c so that the orbits of the flow 
generated hy Y' — X — h'R are closed (See the third paragraph of the proof of 
Lemma l8.16p . Hence Y' generates an ^^-action r on M which preserves a. Then 
we have [Y' , R] — 0. Hence Y' and R generate an effective a-preserving T^-action. 
By Lemma [2751 M has a if-contact form of rank 2. 

2.2.2. Contact toric manifolds. 

Definition 2.6. (Contact toric manifolds) A {2n— 1)- dimensional manifold with a 
contact structure ^ and a ^-preserving T^-action is called a contact toric manifold. 

If n is greater than 2, then there exists a one to one correspondence between equi- 
variant isomorphism classes of contact toric manifolds and isomorphism classes of 
good cones in K", which are polyhedra in with certain combinatorial conditions 
(See Lerman [TB] and Boyer-Galicki [8] ) . Lerman [5D] showed that the fundamental 
group of a contact toric manifold is flnite and abelian. 
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Let n be the subset of Lie(T") consisting of the elements whose infinitesimal 
actions are the Reeb vector fields of contact forms (3 which satisfy ker /3 = ^. Then 
17 is a connected cone in Lie(T"). Since the flow generated by the infinitesimal 
action of an element of Q preserves a T"-invariant metric, the contact form whose 
Reeb vector field corresponds to an element of fl is ii'-contact. Lie(r") has the 
lattice Lie(T")z defined by the kernel of the exponential map Lie(T") — > T". 
Take a Z-basis {Xi}f^i of Lie(T")z. The rank of the X-contact form /3 which 
corresponds to an element X — X)"=i o,iXi of H, is equal to the dimension of the 
vector space SpanQ{ai, a2, • • • , a„} over Q. 

2.2.3. Fiber join construction and contact fiber bundles. The fiber join construction 
is due to Yamazaki [30j . The contact fiber bundle construction is due to Lerman 
[TO] . The contact fiber bundle construction is a generalization of the fiber join 
construction. 

Let (N, (3) be a ii'-contact manifold. Assume that {3 is invariant under an action 
p of a compact Lie group G. Let i? be a closed manifold and tt: E — > B be 
a principal G-bundle over B. Assume that a G-connection form a satisfies the 
following condition: The composition of 

curv(a) $(a:) 

(1) ker a (g) ker a ^ Lic(G) 

is nondegenerate at every point x on N ^ where curv(Q:) is the curvature form of 
a and $(a;) is the value at the point x of the contact moment map of {N,f3) for 
p (See Definition 13. ip . Then we have a /C-contact form on the total space of the 
bundle E Xq N associated with the principal G-bundlc tt which is invariant under 
the induced action of G. 

Let Sg be an oriented closed surface of genus g. Let L{p, q) be the lens space of 
type (p, q). By the above construction, we obtain a iC-contact form on Sg x L{p, q) 
of rank 2 such that {x} x L(p,q) is a JiT-contact submanifold for each x in Sg. 
If g is positive, then the fundamental group of Sg x L{p, q) is not finite. These 
are the examples of the i^-contact manifolds of rank 2 which cannot have a K- 
contact structure of rank 3, because 5-dimensional contact toric manifolds have 
finite abelian fundamental groups by a result of Lerman [20j . 

2.2.4. Join construction. The join construction is an orbifold version of the contact 
fiber bundle construction due to Wang-Ziller [28 . See also Boyer-Galicki-Ornea [TT] . 

Let (Mi,q;i) be a 3-dimensional iiT-contact manifold of rank 1. Let (Af2,Q;2) 
be a 3-dimensional if-contact manifold of rank 2. If the diagonal action of S^ on 
Ml X M2 is free, then we have a if-contact form on Mi x 51 M2 of rank 2 induced 
from the 1-form ai — a-i on M\ x M2. 

2.2.5. Links of weighted homogeneous polynomials. A polynomial / in C[zi, Z2, •■ • ,Zn] 
is weighted homogeneous if / satisfies 

(2) /(A"^izi,A"'^z2,--- ,A"'"z„) = A'^/(2i,z2,--- ,z„) 

for a vector w = {wi,W2,- ■ ■ ,Wn) whose entries are positive integers, a positive 
integer d and any A in C. If the hypersurface in C" defined by / has an isolated 
singularity at 0, then the link of / at is defined by 

n 

(3) L/ = {(Z1,02,--- ,^n)eC"|/(zi,Z2,-- - ,Z„)-0,^|Z,|2 = 1}. 
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L/ is a smooth manifold with the X-contact form defined by the restriction of the 
contact form 

2wi\zi\'^ 

on the miit sphere 52"-! in C". Note that the Reeb vector field of a^u generates 
the 5* -^-action defined by A • (zi, ^2, ■ • • i ^n) = {X'^^ zi, X^^ Z2, • ■ • , A™"2;„) for A in 

. The equation ([2]) implies that the hypersurface defined by / is invariant under 
the Reeb fiow of a^j. See [9] and 

We see that L f has a if -contact form of rank 2 if 

(5) f{X^'zi,X''-Z2,--- ,X^-Zn) = X'''f{zi,Z2,---,Zn) 

is satisfied for an element v of Z" which is not parallel to w and an integer d' . 
Define an S'-^-action ay on S'^""-^ by A • {zi,Z2, ■ • ■ , Zn) = (A^^^i, A"^Z2, • • • , A''"z„). 
Then cr„ preserves ■ Moreover Lf is preserved by ■ Hence L f has a if -contact 
form of rank 2 by Lemma [23] 

3. Contact moment maps and graphs of isotropy data 

We define the contact moment maps and show that the contact moment maps on 
5-dimensional if -contact manifolds of rank 2 are Bott-Morse functions. We define 
graphs which represent combinatorial properties of the torus actions associated with 
if -contact forms. We will show Theorem 11.11 which claims that graphs of isotropy 
data classify closed 5-dimensional if -contact manifolds. 

3.1. Contact moment maps. Let (Ai, a) be a closed connected 5-dimensional 
if -contact manifold of rank 2. We denote the Reeb vector field of a by R. Let H 
be a Lie group and t be an a-preserving ii-action on AI. For each point x on M, 
we define an element ax of the M-dual space Lie(ii)* of Lie (ii) by (¥) — ax (Yx) 
for an element Y of Lie(ii) where Y is the infinitesimal action of Y. 

Definition 3.1. (Contact moment maps) We define the contact moment map $^ 
of {M, a) for r by 

$^ : M ^ Ue{Hr 
X I — > ax- 

Let G be the closure of the Reeb flow in the isometry group Isom(A/, g) for a 
Riemannian metric g invariant under the Reeb flow. We denote the action of G 
on M by p. Let be the contact moment map for p. We fix a basis {R, X} of 
Lie(G') where R is the element of Lie(G') whose infinitesimal action is R. Let <i>Q, 
be the contact moment map for p. Then is presented as 

(7) = ax{Rx)R* + =Tt + 

where {R ,X}\s the basis of Lie(G')* dual to {R,X} and X is the infinitesimal 
action of X. Hence the image of ^q. is contained in a 1-dimensional affine space 
{v e Lie(G')* |ti(i?) = 1} of Lie(G)*. We often fix X as above and consider the 
function <f> = a{X) : M — > M. $ is unique up to the multiplication by a real 
number. 



(4) 



E 

i=l 
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Definition 3.2. (The maximal component and the minimal component of the con- 
tact moment map) We call the maximal component Bmax and the minimal compo- 
nent -Bniin of a{X) the maximal component and minimal component of the contact 
moment map. 

Note that the maximal component and the minimal component can change if we 
change X. 

$ has the following fundamental properties. 

Lemma 3.3. (i) Each level set of ^ is a union of orbits of p and connected. 

(ii) Let Sing p be the union of closed orbits of the Reeb flow on [M, a) . Then 
we have Crit $ — Sing p. 

(iii) Every connected component 0/ Crit <& is an odd dimensional K -contact 
submanifold of M . 

(iv) Except -Bmax and Bmin, every connected component 0/ Crit $ is a closed 
orbit of the Reeb flow. 

Proof, (i) Since we have 

(8) Y{a{X)) ^ LYa{X) + a{[Y,X]) = Q 

for an infinitesimal action Y of p, a{X) is constant on the orbits of p. Hence the 
former part follows. Let a be an S'-'^-subaction of p generated by a vector field Z 
whose orbits are transverse to kera. We define a 1-form (3 by ^j^^ct. Then by 
the argument in the proof of Lemma 12.51 P is the contact form with Reeb vector 
field Z defining the contact structure kera. df3 induces a symplectic form lo on the 
orbifold M/a. p induces an w-preserving S'^-action r on M/a. By LzP = 0, we 
have 

(9) d{p{Z)){Y) = -dp{Z,Y) 

for a vector field on M/a. ([9]) implies that a{Z) is a hamiltonian function for the 
S'^-action r on {M/a,uo). The latter part follows from the connectivity of the fiber 
of symplectic moment maps for hamiltonian actions on symplectic orbifolds. We 
refer PT|. 

(ii) For a point x on M and a vector Y^ in T^M , we have 

(10) d{a{X)UY,) = -da,{X,,Y,) 

by Lxct — 0. The left hand side of (fTO| is for every Y in T^M if and only if x 
is a critical point of Since dax is nondegenerate on T^M/RRx, the right hand 
side of (fTO|l is for every Y in T^M if and only if X^ is parallel to Rx. Hence the 
proof is completed. 

We show (iii) and (iv) . If the isotropy group Gs of p at E is connected, then we 
have an open tubular neighborhood of S which is diffeomorphic to x Df such 
that a{X) is written in the standard coordinate as 

(11) a{X) = wi\zif + W2\z2\'^ + c 

for real numbers wi,W2 and c where S = {(C, 21,22) G x D^\zi = 0,Z2 = 0} 
by the argument in Subsection 18.3.21 Then the connected component of Crit (f> is 
{zi — 0}, {z2 — 0} or {zi — 0,Z2 ^ 0}. The first two cases occur only if E is 
contained in the minimal component -Bmin or in the maximal component -Bmax of 
$. Hence (iii) and (iv) are proved in this case. If Gs is not connected, we have a 
finite cyclic covering of open tubular neighborhood of E which is diffeomorphic to 
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X Df such that the puUback of a{X) is written as pT|) by Lemma [8.231 The 
rest of the argument is the similar to the previous case. □ 

3.2. Chains of gradient manifolds. We apply the Bott-Morse theory to the 
contact moment maps for the torus action associated with X-contact forms of rank 
2. 

Let {M, a) be a 5-dimensional iiT-contact manifold of rank 2. We denote the 
Reeb vector field of a by R. 

Definition 3.4. (Riemannian metrics compatible with K- contact forms) We say 
a Riemannian metric g on M invariant under the Reeb flow is compatible with a 
if the following conditions are satisfied: 

(i) The element J in Aut(kera) determined by the equation g{Jv, w) = da{v, w) 
for every v and w in C°° {her a) satisfies = — id jkcra- 

(ii) kera is orthogonal to R with respect to g. 

We show that there exists a compatible metric g on any if-contact manifold 
{M, a) as follows: Fix a metric g' invariant under the Reeb flow. Let G be the 
closure of the Reeb flow in Isom(M, g'). Then kera is a G-equivariant vector bundle 
over M with an invariant symplectic structure dalkcra- Define A in Aut(kera) by 
da{Y, Z) — g'{AY, Z) for Y and Z in C°°(kera). —A^ is positive symmetric with 
respect to g. Hence ^Z—A"^ is well-defined. We put J = {y/—A^)A. Then J is a 
G-invariant complex structure compatible with da. The metric 171 on kera defined 
by 51 (y, Z) = da(Y, JZ) is a G-invariant metric compatible with da. We obtain a 
metric compatible with a by extending gi to TM (g) TM so that R is orthogonal to 
ker a. 

We fix a metric g on M compatible with a. Let G be the closure of the Reeb 
flow in Isom(M, g). Let p be the action of G on M. We fix an element X of Lie(G) 
which is not parallel to the element corresponding to R. We denote the function 
a{X) on M by <&. Then we have 

(12) grad($) = -JX, [X, JX] = 0, [R, JX] = 0. 

Hence we have a (T^ x M)-action a on M by the product of p and the gradient flow 
of <i> on M. 

Definition 3.5. (Gradient manifolds and their limit sets) An orbit of a is called 
a gradient manifold. A gradient manifold L is called free if L contains a T^-orbit 
of p consisting of points with trivial isotropy group. The a-limit set of a gradient 
manifold L is the union of a-limit set of the orbit of the gradient flow of^ contained 
in L. The oj-limit set of L is defined similarly. 

Then we have the following lemma: 

Lemma 3.6. (i) Let L be a gradient manifold in (M, a). Then (L,a|L) is a 

K-contact manifold of rank 2. 

(ii) The isotropy groups of p at any two points in a gradient manifold coincide. 

(iii) The a-limit set of a gradient manifold is a closed orbit of the Reeb flow. 
The u-limit set of a gradient manifold is a closed orbit of the Reeb flow. 

(iv) Let T, be a closed orbit of the Reeb flow. If E is not contained in i?max 
nor in i?min, then E is the a-limit set and the ui-limit set of two different 
gradient manifolds. If E is contained in i?max or Umin of dimension 3, 
then E is the oj-limit set or the a-limit set of a gradient manifold. If E 
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is contained in iJmax or Smin of dimension 1, then S is the uj-limit set or 
the a-limit set of uncountably many gradient manifolds. 
(v) // a limit set of a gradient manifold L is not contained in -Bmax or iJmin 
of dimension 1, then the closure of L is a smooth submanifold of M near 
S. A closed orbit S of the Reeb flow in iJmax or -Bmin of dimension 1 
is contained in the closure of two gradient manifolds whose closures are 
smooth submanifolds near E. 

Proof, (i) Let J be the complex structure on kera defined by da and g. By the 
first equation of (fT2|) . TL D kera is spanned by X and JX. Hence TL n kera is 
a symplectic subspace of (kera, da). Since L is a union of the orbits of Reeb flow, 
(L, aji) is a i^T-contact manifold. Since L contains the orbits of the Reeb flow, the 
rank of {L, a\L) is 2. 

(ii) follows from the fact that p commutes with the gradient flow of $. 

(iii) and (iv) follow from the facts that $ is a Bott-Morse function and the Morse 
index of each connected component of Crit $ is even. We will show that <I> is a Bott- 
Morse function. By Lemma 13.31 each connected component of Crit <I> is a smooth 
submanifold of M which is a union of closed orbits of the Reeb flow of a. Let S be 
a closed orbit of the Reeb flow of a. By Lemma [8.231 and (|247[) . we have a finite 
covering of an open tubular neighborhood of S diffeomorphic to x Df such that 
$ is written as 

(13) a{X) wi\zi\^ + W2\z2\^ + c 

in the standard coordinate on x for some real numbers wi and W2 such that 
S is defined by the equation zi — and Z2 — 0. We can assume that wi > 'W2- If 
both of wi and W2 are nonnegative, then E is contained in the minimal component 
of and the Morse index is 0. If wi is positive and W2 is negative, then S is a 
connected component of Crit $ of Morse index 2. If both of wi and W2 are negative, 
then E is contained in the maximum component of $ and the Morse index is 4. 
In any case, the Hessian Hess$ of $ is nondegenerate on the transverse direction 
of the connected component of Crit<I>. Hence <I> is a Bott-Morse function and 
the Morse index of each connected component of Crit<I> is even. Let {(j>t} be the 
flow generated by grad<I>. Then Hess$ at xq is dual to the element of Aut{TxoM) 
deflning the differential of the action of {—{D(j)t)xo}t<£S. on T^gM. In fact, for vector 
fields Y and Z locally defined near xq, we have 
(14) 

Hess$(r,„,Z,„) = {YZ^){xo) = Yx,d<^>{Z){xo) - y,„(g(grad$, Z))(a;o) = g{[Y, gmd<^>], Z){xo). 

The last equality follows from the chain rule and the equality (grad^)^;^ — 0. 
Since the differential of the action of {—{D(j)t)xa}t£R on T^gM by mapping Y^g 
to [grad$,y]a;o, fT4l) implies that the Hessian of $ at xq is dual to the element 
of Ant(TxgM) defining the differential of the action of { — {D(f)t)xg}tes. on T^gM. 
Hence the dimension of Wf^^ ^ is equal to the dimension of the maximal positive 
definite subspace of T^gM with respect to Hess$. 

Then (iii) and (iv) follow from the stable manifold theorem for flows: 

Theorem 3.7. Let Z be a smooth vector field on a smooth manifold M. Let {0t} 
be the flow generated by Z . Suppose that xq is a fix point of {4>t}- Then we have 
a decomposition T^gM = Wg © Wc ® Wu where Wg, Wc and Wu are the union of 
generalized eigenspaces of the linear action of {{D(j>t)xg}te«. on TxgM with respect 
to eigenvalues of the absolute value less than 1, the absolute value 1 and the absolute 
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value greater than 1 respectively. Then there exist an open neighborhood U of xq, 
a distance d on U and a smoothly embedded disk Wf^^ in M such that 

(i) Wjq^ = {x € J7|0t(C/) G U for every t in IR>o and d{4>t{x), 0) tends to zero 
exponentially }, 

(ii) Wjq^ tangent to Ws at and 

(iii) is a contraction map on {Wf^^^d). 

Proof. By Theorem III. 7 (1) in [25], we have an open neighborhood (7, a distance 
d on C/ and a smoothly embedded disk W{^^ in M such that 

(i) W{^^^ ={x£ t/|0i(?7) e U for every n > and d{4>'l{x),Q) tends to zero 
exponentiaUy }, 

(ii) Wjog I tangent to Ws at and 

(iii) 01 is an contraction map on {Wf^^^.d). 

Since \ wf ^ is an contraction map on ( Wj^^ 1 1 1?) , we can assume that U is rel- 
atively compact changing Wf^^^ smaller. We put Wf^^ — {x ^ U\(l)t{U) G U for 
every t in ]R>o and d((/)t(a;), 0) tends to zero exponentially }. We put ||u|| = d(w,0) 



for V in W(^^^. To show Theorem [3Jl it suffices to show that W(^^ = W(^^^. W(^^ 
is contained in Wf^^ ^ by definition. Take a point y on Wf^^ ^ . We fix a constant c 
such that d{D(t)t{v), 0) < c for every t in [0, 1] and v in U. For t in M>o, we denote 
the greatest integer which is less than n by E(n). By the mean value theorem, we 
have 
(15) 

\\Uy)\\ = \\<t^t-E[t){<t^Eit){y))-<t^t-E[t){<t^Eit)m\\ = snvmt{v)\mE(t){y)-<tyE(t)m\ < c\\Mt){y)\\- 

Since ||(/>_E(t)(?/)|| tends to zero exponentially when t tends to oo, ||0t(2/)|| tends to 
zero exponentially. Hence we have Wf^^ = Wf^^ ^ . The proof of Theorem 13.71 is 
completed. □ 

We show (v) . If a limit set S of a gradient manifold L is not contained in Bmax 
or -Bmin of dimension 1, then the stable manifolds and the unstable manifolds of S 
are of dimension 3. Hence L is the stable manifold or the unstable manifold of E, 
which has a smooth closure near E by Theorem 13.71 The latter part of (v) follows 
from Lemma [8.251 □ 

We define chains of gradient manifolds. 

Definition 3.8. (Chains and its nontriviality) A chain is a finite ordered set of 
gradient manifolds {Li, L2, • • • , Lk} of $ which satisfies the following conditions: 

(i) The a-limit set of Li is a closed orbit of the Reeb flow contained in Bmin- 

(ii) The Lu-limit set of Lk is a closed orbit of the Reeb flow contained in i?max- 

(iii) The a-limit set of Li and the to-limit set of Li^i coincide with each other 
{i = \,2,--- ,k-l). 

A chain is nontrivial if it contains more than one gradient manifold or a gradient 
manifold consisting of points with nontrivial isotropy group of p. 

3.3. ii'-contact submanifolds. We have the following: 

Lemma 3.9. (i) We put N ^ {x £ M - Crit^lGa, {e}}. Each connected 

component of N is a gradient manifold whose closure in M is a smooth 
submanifold difjeomorphic to a lens space. 
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(ii) A connected 3- dimensional closed K-contact submanifold of (M, a) con- 
sisting of points with nontrivial isotropy groups of p is i?min, ^max or the 
closure of a gradient manifold. 

(iii) The isotropy group Gl of p at a connected component L of N is cyclic. 

Proof, (i) Let i be a connected component of N. Take a point x in L and fix a 
metric g on M. Let L' be the gradient manifold containing x. Since two points of 
L' have the same isotropy groups of p by Lemma 13.61 fii). L' is contained in L. On 
an open tubular neighborhood of a limit set E of L', p is written as 

(16) ito,t^) ■ {Czi,z2) = (cc,cir2i,Cir^2) 

for some integers no, ni, n2, mi and m2 by Lemma 18.241 where S is {(C, zi,Z2) G 
X D'^\zi — Q,Z2 — 0}. Both of L' and L should coincide with {(C, zi,Z2) G 
51 X D'^\zi = 0,Z2 7^ 0} or {(C,zi,Z2) e x D^\zi ^ 0, Z2 = 0}. Hence the closure 
of L is a smooth submanifold. Since the closure of L in M is a 3-dimensional K- 
contact manifold of rank 2 by Lemma 13.61 the closure of L is diffeomorphic to a 
lens space by the classification theorem of contact toric manifolds by Lerman [TB] . 

(ii) A .K-contact submanifold of (M, a) consisting of points with nontrivial 
isotropy groups is contained in the closure of TV or Crit<i>. Hence (ii) follows from 
(i) and Lemma 13.31 

(iii) Since Gl acts on a fiber of the normal bundle of L in M effectively and 
linearly, Gl is isomorphic to a subgroup of S0(2). Hence Gl is cyclic. □ 

3.4. Combinatorial classification of closed 5-dimensional if-contact man- 
ifolds of rank 2. We define graphs of isotropy data of closed 5-dimensional K- 
contact manifolds of rank 2 which represent combinatorial data of the T^-actions 
associated with if -contact forms. We show that a closed 5-dimensional if -contact 
manifold of rank 2 can be recovered from the graph of isotropy data. Hence closed 
5-dimensional if -contact manifolds of rank 2 are combinatorially classified. How- 
ever, we do not know a good criterion to know whether a given graph can be realized 
by a closed 5-dimensional if -contact manifolds of rank 2 or not. 

Karshon [16] defined graphs for 4-dimensional symplectic manifolds with hamil- 
tonian S^-actions which have the combinatorial data of the S'-'^-actions and the 
hamiltonian functions for the S^-actions. Karshon's uniqueness theorem claims 
that 4-dimensional symplectic manifolds with hamiltonian S'^-actions can be recov- 
ered from the graph. Our results and arguments in this subsection are similar to 
those of Karshon in [T^ . 

3.4.1. Graphs of isotropy data. Let (M, a) be a closed 5-dimensional if -contact 
manifold of rank 2. Let G be the closure of the Reeb flow in Isom(M, g) for a metric 
g on M compatible with a. Let p be the action of G on M. Let Sing p be the union 
of closed orbits of the Reeb flow of a. The maximal and minimal components of 
the contact moment map for p are denoted by i^max and B^i^ respectively. We fix 
an isomorphism tp from G to and identify Lie(G') with Lie(T^) by ^p*- We define 
the graph of isotropy data of (M, a, ip). 

Definition 3.10. ( Graph of isotropy data of {M, a, tp) ) The graph of isotropy data 
of (M, a, tp) is the graph T = [V, E) with data attached to the set V of vertices and 
to the set E of edges which we define as follows: 
(i) V is defined to be 7ro(Singp). 
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(17) 

Figure 1 . A graph of isotropy data 

(ii) E is defined to be the set of K -contact lens spaces consisting of points 
with nontrivial isotropy groups of p. An edge e connects two elements of 
7ro(Singp) which contain the a-limit set or the uj-limit set of e. 

(iii) A vertex v has the datum of the isotropy group of p at v. 

(iv) An edge e has the datum of the isotropy group of p at e. 

(v) Let B be Smax or -Bmin of dimension 3. Then the corresponding vertex to 
B is defined to he a fat vertex. We attach the following three data to a fat 
vertex: 

(a) The isotropy group of p at B. 

(b) The Seifert invariant of the Seifert fibration with oriented base space 
on B defined by the Reeb flow. 

(c) The Euler class of the symplectic normal bundle of B in AT 

(vi) The graph T has the datum of the element R in Lie(T^) whose infinitesimal 
action is the Reeb vector field of a. 

Note that the normal form imposes the following relation among the data by 
Lemma 18.291 Assume that iJmin or -Bmax is of dimension 3 and has an exceptional 
S'^-orbit E of the Reeb flow. Let L be the gradient manifold whose limit set contains 
S. Then the cardinality of the isotropy group of p at L is equal to the multiplicity 
of S as an exceptional orbit of the Seifert fibration on i?min- 

Note that the graphs of isotropy data do not control the free gradient manifolds. 

We define the isomorphism between graphs of isotropy data. Let Fq — (Vq, Eq) 
and Fi = (Vi,i?i) be two graphs of isotropy data. 

Definition 3.11. A pair of maps 4>v '■ Vq — > Vi and <f>E ■ Eq — > Ei is called an 
isomorphism between graphs of isotropy data if the endpoints of <j)E{e) are (fiviv) 
and (j)y{v') for every e in Eq where v and v' are endpoints of e, and the data 
attached to vertices and edges correspond to each other by an automorphism A^ of 
T\ 

3.4.2. Recovering closed h-dimensional K-contact manifolds of rank 2 from the 
graphs of isotropy data. Let {Mi,ai) be a closed 5-dimensional iiT-contact mani- 
fold of rank 2 for i = and 1 . Let Ri be the Reeb vector field of ai for i = and 
1. Let Gi be the closure of the Reeb flow in lsom{Mi, gi) for a metric gi on Mi 
compatible with a.^ for i — and 1. Let pi be the Gi-action on Mi for i — and 
1. We fix an isomorphism tpi from Gi to T^ for « = and 1. We identify Gi with 
T2 by and Lie(G,) with Lie(T2) by Vi*- : M, — > Ue{T'^)* be the contact 
moment map for pi on {Mi, ai) for i = and 1. We denote the element of Lie(T^) 
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corresponding to the Reeb vector field of (Xi by Ri for i = and 1. Let be the 
graph of isotropy data of (Af^, ai,tpi) for i = and 1. 

We have the following result similar to Proposition 4.3 of [IB] : 

Proposition 3.12. // there exists an isomorphism {(f)v,4>E) between Tq and Ti, 
then there exists a diffeomorphism f : Mq — > Mi such that 

(i) / induces {(j)v,4'E) between Tq andVi, 

(ii) /*i?o = Ri o,nd 

(iii) Aff, o o / = where is the automorphism of T'^ associated with 

{(j)V,(j)E)- 

Proof. By the definition of isomorphisms between graphs of isotropy data, we can 
assume that Rq = Ri in Lie(r^) and that the corresponding vertices and edges of 
To and Fi corresponded by {(I)v,4>e) have the same data. Fix X in Lie(r^) which 
is not parallel to Rq = Ri. We define a function <i>i on Mi by ^i{x) = ai{Xi){x) 
for a point x on Mi where Xi is the infinitesimal action of X on Mi for « = and 1 . 
Let Smini and i?maxi be the minimal and the maximal component of 4>i for i = 
and 1. 

We fix a metric gi on Mi compatible with ai for i — and 1. Applying Lemma 
18.411 to Smax , we take go so that 

(i) for every isolated closed orbit S of the Reeb flow of ao, go is Euclidean 
with respect to a coordinate on a finite covering of an open neighborhood 
of E which represent ao as (j243l) and 

(ii) the -action defined by the product of the gradient flow of <i>o and the 
action of the isotropy group of po at -Bmaxo is locally isomorphic to a linear 

-action on the normal bundle of -BmaxO near -BmaxO- 

Note that the isotropy group of po at -BmaxO principally acts on the normal circle 
bundle of -BmaxO by the effectiveness of po- By Lemma 13.131 shown below, we can 
modify gi on the complement of an open neighborhood of the union of closed orbits 
of the Reeb flow so that gi is still compatible with a; and one of limit sets of a free 
gradient manifold is contained in i?minj or -Bmaxi for i = and 1. 

By the assumption. Lemmas 18.271 and I8.39i there exists a diffeomorphism /min 
which maps an open neighborhood of -Bmin o to an open neighborhood of -Bmin i and 
satisfies /^i„ai = ao- 

We define a subset Ni of Mj to be the union of smooth X-contact lens spaces in 
Mi which are the closures of gradient manifolds whose tj-limit sets are not contained 
in B^ii^^i. Let Cq be the closures of connected components of iVo ~ ^mino in -^^o 
for j = 1, 2, • • • , fc. Let Cf be the union of the /C-contact lens spaces in (Mi, ai) 
corresponding to the K-contact lens spaces contained in Cg by {4>V:4>e) for j = 1, 
2, • • • , fc. By the assumption and Lemma [8.3 71 there exists an isomorphism from 
an open neighborhood of Cq to an open neighborhood of Cf such that coincides 
with /mill near i?minO for each j if the bottom closed orbit of Cq is contained in 
-Bmino- Hence we have a local diffeomorphism / which satisfies the following: 

(i) / maps an open neighborhood Wo of A^o U i?inin o to an open neighborhood 

Wi ofiViUSminl, 

(ii) / induces {4)v,4>e) and 

(iii) /*ai = ao. 
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We modify the metric gi on Mi compatible with ai so that f*gi — go- Since one 
of the hmit sets of every free gradient manifold with respect to go is contained in 
-Bniino or i?niax j One of the limit sets of every free gradient manifold with respect 
to gi is also contained in -Bmin i or B^i^-^ i ■ 

Let be the bottom closed orbit of Cj . Since the assmiiption of Lemma 18.361 
is satisfied, we can extend / near the gradient manifolds whose closure is not a 
smooth submanifold of Mi and which connect T,j to i?minj by Lemma 18.361 so that 

(i) / maps an open neighborhood Vq of the union of -Bmino and the gradi- 
ent manifolds whose w-limit sets are not contained in Smaxo to an open 
neighborhood Vi of the union of Bmin i and the gradient manifolds whose 
cj-limit sets are not contained in -Bmaxi, 

(ii) / induces {4>v,4>e) and 

(iii) f*ai = ao- 

We modify gi so that gi is compatible with ai and satisfies f* gi — go- 

By Lemma l3. 141 shown below, we have an open subset Uo of Vq which is an open 
neighborhood of the union of BminO and gradient manifolds whose w-limit sets 
are not contained in Bmaxo such that Uo satisfies <j)o{Uo) C Uo for every negative t 
where {(/ig} is the gradient flow of $0 on Mo- We put Ui — f{Uo)- Then Ux contains 
the union of iJmin and gradient manifolds whose w-limit sets are not contained in 
Bmax- Ui satisfies that fj)i{Ui) C Ui for every negative t where {0*} is the gradient 
fiow on Ml, since / is an isometry and satisfies f*ai = ao- 

By the assumption. Lemmas 18.271 and 18.391 there exists a diffeomorphism /max 
which maps an open neighborhood C/max of -Bmax to an open neighborhood ?7max 1 

of Bmaxl and satisfi es /max"l = "0- 

By Lemma 13.151 shown below, there exists a metric on Mg compatible with 
ao which satisfies the following conditions: 

(i) (7g(Xo, Xq) is constant on the intersection of Mq — Uo and each level set of 

(ii) 3ol(74,,,o ^ 5o|;7^,^^o for an open neighborhood J/maxO of Bmaxo in J/maxO 
and 

(iii) there exist a smooth function ho such that hoJoXo = JqXq where Jo and 
Jg are the CR structures determined by go and gg with ao, respectively. 

We take a metric g[ on Mi compatible with ai such that gg = .9o ~ /max5i 

and g'i{Xo,Xo) is constant on each level set of $1. Note that Uo is invariant under 
the gradient flow with respect to gg in the negative direction, because the orbits of 
the gradient flow with respect to g'g are same as the orbits of the gradient flow with 
respect to go by the condition (iii). Ui is also invariant under the gradient flow of 
$1 with respect to g[ in the negative direction. 

Let Jj' be the complex structure deflned by g[ and dai- Then the gradient flow of 
$i with respect to g'^ is generated by J^Xo by (fT2|) . By the condition (i), grad $i($i) 
is constant on the intersection of Mo — Uo and each level set of In fact, we have 
(18) 

grad $,($,) = d$,(grad$0 =5Kgrad$„grad$,) = .9K>/»^o, j;^o) =5K^o,^o) 

by (fT2|) . Hence the intersection of Mo — Uo and the level sets of $0 are mapped to 
the intersection of Mg — Uq and the level sets of <I>o by the gradient flow of <i>g . 
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We extend / on A/q — Smaxo by f{x) = (p'l ° f°(t)'a^{x) where is the gradient 
flow of <i>i with respect to g[ for i = 0, 1 and t is taken so that 0q~*(x) is contained 
in Uq. Then / is well-defined and we have 

(i) / maps Mo — Bmax o to Mi — B 

max 1 ) 

(ii) / induces 0_e), 

(iii) $1 o / = $0 and 

(iv) / is T^-equivariant 

by the construction of and g'l . 

We consider the case where Bmaxo and -Bmaxi are of dimension 3. We will show 
that / extends to Afo smoothly. By the condition (ii) in the second paragraph of the 
proof of Proposition l3.12l the -action defined by the product of the gradient fiow 
of $i and the action of the isotropy group of pi at i?niax i is locally isomorphic to a 
linear -action on the normal bundle of i?niaxi near Byastxi- Since / is equivariant 
with respect to the -actions defined by the product of the gradient flow of $i and 
the action of the isotropy group of pi at -Bmaxi, / can be regarded as a bundle map 
between vector bundles from the normal bundle of -Bmax o to the normal bundle of 
-Bmaxi- Hence / extends to Mq smoothly. 

We consider the case where i?maxO and -Bmaxi arc of dimension 1. Applying 
Lemma 18.241 to open neighborhoods of -Bmax o and -B^ax i , there exists an interval 
[v, v'] in $o(f^maxo) such that is diffconiorphic to x with a locally free 

T^-action r which has at most two exceptional T^-orbits for every w in [v, v']. We 
construct a diffeomorphism / from Mq to Mi by connecting /max|$-i([„/ oo)) ^^'^ 
/U-i((_oo t)]) ^o^{[^7^']) by an isotopy of T^-equivariant diffeomorphisms on 

X S^. We fix a T^-equivariant diffeomorphism ^~^{[v,v']) — > x S"^ x [v,v'] 
for i = and 1. We put /„/ = /maxU-i(^/) and fy = We denote the 

diffeomorphisms on the orbifold {S^ x S'^)/t induced from /„/ and /„ by and f^i. 
By the argument in the appendix of [T] and Lemma B.2 of [16] , the diffeomorphism 
group of {S^ X S^)/t is path-connected. Hence we can isotope f^, to by an 

isotopy {/ } such that / = and / = Hence we can isotope to /„ by 
an isotopy of T^-equivariant diffeomorphisms. 

We have a diffeomorphism /: Mq — > Mi which satisfies 

(i) / induces {(t)v,<l>E), 

(ii) <i>i o / = $0 and 

(iii) / is T^-equivariant with respect to idT2. 

The condition (iii) implies /*-Ro = Ri by the assumption. Then the condition (ii) 
and /,i?o = -Ri imply «>ai o / = «'ao- □ 

We introduce our notation for three lemmas below. Let (M, a) be a 5-dimensional 
closed -fC-contact manifold of rank 2. Let 5 be a metric on M compatible with a. G 
denotes the closure of the Reeb flow in the isometry group Isom(M, g). We denote 
the action of G on M by p. Let X be an infinitesimal action of an element X of 
Lie(G) where X is not parallel to the element corresponding to the Reeb vector field 
of a. We put 4> = a{X). The maximal component and the minimal component of 
$ are denoted by -Bmax and -Bmin, respectively. 

The following lemma is similar to Lemma 3.6 in [161: 

Lemma 3.13. Let L be a free gradient manifold of ^ with respect to g. Assume 
that both of the a-limit set S*^ of L and the uj-limit set of L are not contained 
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in Bmin U -Bmax- Take a T^-orbit C of p in L and an open neighborhood U of C . 
There exists a metric g' compatible with a such that E'^ and -Bmax are connected 
by a gradient manifold, and -Bmin «re connected by a gradient manifold and 
9\m~u = g'\M-u- 

Proof. Since the union W of the orbits of the gradient flow whose hmit sets are not 
contained in -BminU-Bmax is closed in M , we can take an open neighborhood y of C in 
U such that Vr^W = LnW. By Lemma lOHl we have a coordinate T^ x [t°, t^] x 
on a tubular neighborhood in V such that a = ''^ ™^ * +6 sin"? * "^^^^(■^I'^i — zidzi) 
and L is defined by the equation zi = near C where (a:, y) is the coordinate on T^ 
induced from the Euclidean coordinate on M^, t and zi are the standard coordinate 
on and M^, respectively. Let r be a nonnegative smooth function on M 

invariant under p whose support is contained in V and whose restriction r\c to C 
is positive. Then r-^ is a smooth vector field on AT We put Z — grad<i> + r-^. 
Since da{Z,X) = da(grad$,X) = da{JX,X) is nowhere vanishing on V, we 
have a complex structure J' which is compatible with da and satisfies J'X = Z 
and J'\m-u = J\m-u- The metric g' defined by J' and a satisfies the desired 
conditions. □ 



The following lemma is similar to Lemma 4.8 of '16]: 

Lemma 3.14. We assume that g is Euclidean with respect to a coordinate on a 
finite covering of an open neighborhood of every isolated closed orbit of the Reeb 
flow of oq, where ao is written as (j243p . Let V be an open neighborhood of the 
union o/i?niin o,nd the gradient manifolds of ^ whose uj-limit sets are not contained 
in i?max- There exists an open subset U of V such that 

(i) U is an open neighborhood of the union of i?min o,nd gradient manifolds 
whose LU-limit sets are not contained in B-axax o,nd 

(ii) U satisfies iptiU) C U for every negative t where {(j)t\ is the gradient flow 
of $ on M. 

Proof. We construct U inductively. We denote gradient manifolds whose w-limit 
sets are not contained in Smax by L^, L^, • • • , L' so that the a-limit set of is 
contained in the closure of iJmin U yJ^ZlU for A: = 1, 2, • • • , L 

We define an open neighborhood of Smin by U'^ ~ {x <E M\^{x) < a} where 
a is a real number sufficiently close to the minimum value of (f>. Then U'^ satisfies 
4>t{U'^) C for every negative t. 

Assume that we have an open subset U'^^^ of V which contains Smin U U^zIl^ 
and satisfies (j)t{U^~^) C U*'~^ for every negative t. Let T/' be the w-limit set of 

. Take a sufficiently small open tubular neighborhood of E*^. We have a 
finite covering tt: — > and a coordinate (Cj^i,-Z2) on V*' such that TT*g is 
Euclidean and a is written as in (|243p by the assumption. We can assume that 
'K~^[L^) is defined by zi = 0. We define C — 7r({zi = 0, |z2| = e}) for a sufficiently 
small positive number e. Since the a-limit set of is contained in C/*^^^, there 
exists a negative number T such that 4>t{C) is contained in U^~^ where {</)t}tgK is 
the gradient flow of <i>. Hence there exists a positive number 6 such that Q < e — 5 
and 0T(7r({|zi| < (5, e — (5 < \z2\ < e + 5})) is contained in C/*^^^. Since it* g is 
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Euclidean and 7r*a is written as in ()243p . we have 
(19) 

Ut<o<?!>i(7r({|zi| < (5, |Z2| <e + S})) 

C 7r({|zi| < S,e-\z2\ < e + (5})UUt<o'/'t(7r({|zi| <6,e-6 < \z2\ <e + d})). 

We put 
(20) 

^ [/fe-iu^({|zi| < S,e-\z2\ < e+5})UUt<o</)t(7r({|zi| < S,e-S < \z2\ < e+5})). 

Then U'' satisfies (f)t{U^) C for every negative t and contains i?„iin U {J^^iU . 
Hence satisfies the desired conditions. □ 

Lemma 3.15. Let U be an open neighborhood of the union of the closed orbits of 
the Reeb flow of a. Assume that g{X,X) is constant on each level set of ^ in an 
open neighborhood Umax of B^^s^^. There exists a metric g' on M compatible with 
a which satisfies the following conditions: 

(i) g'{X^X) is constant on the intersection of M ~ U and each level set of 

(ii) g\u^^^ — 5'lc/,^ax ^'^^ open neighborhood U'^^^ of B-a^ax in U and 

(iii) there exists a smooth function h such that hJX — J' X where J and J' are 
the CR structures determined by g and g' with a respectively. 

Proof. On an open neighborhood A oi M — U invariant under p, X and JX are 
linearly independent. Hence we have a decomposition kera = Ei® E2 of kera into 
two J- invariant symplectic vector subbundles where Ei — M.X M.JX. We define 
a metric g" on kera|^ by g"\E2 — ffl-E2 on -^i 9"\ei — g{X,X)g and setting Ei is 
orthogonal to E2 with respect to g" . g" is compatible with a on A. Then we have 
a metric g' such that 

(i) g'\M-u = 9"\m-u, 

(ii) g'{X, X) is constant on the intersection of M — U and each level set of $ 
and 

(iii) g'lui^-^^^ = dlu;^^^ for an open neighborhood C/^iax of -^max in U. 

Hence g' satisfies the desired conditions. □ 

We have a result similar to Proposition 4.11 of [16] : 

Proposition 3.16. Let M be a closed 5-dimensional manifold. Let R be a nowhere 
vanishing vector field on M . Assume that the flow generated by R preserves a 
Riemannian metric g on M and that the closures of generic orbits of the flow 
generated by R are of dimension 2. Let ao and oi\ be two contact forms on M 
with the same Reeb vector field R and the same contact moment maps $q, : M — > 
Lie(G')*, where G is the closure of the flow generated by R in Isom(M, g). 

(i) We put /3t = (1 — t)af) + tai for t in [0, 1] . Then df3t is a symplectic form 
on TM/RR for every t in [0, 1]. 

(ii) there exists a diffeomorphism f of M which satisfies f*ai — ao. 

Proof. The action of G on M is denoted by p. We show (i). It is suffices to show 
that d(3t is nondegenerate on TAI/RR for every t in [0, 1]. Let x be a point on M. 

We consider the case where the action p is locally free near x. We fix an element 
X of Lie(G) which is not parallel to the element corresponding to R. We define 
the function $ on M by ^{x) = ^aix){X). Let X be the infinitesimal action of X. 



20 



HIRAKU NOZAWA 



Let TxM = M.Rx (T^M/Ri?^) be the orthogonal decomposition. We denote the 
orthogonal projection TxM — > TxM/M.Rx by it. Putting = Tr{Xx), we have 

(21) dPt{v\n{v)) ^<i>,v 

for V in TxM, because = = d/3t(7r(Xj;), 7r(v)) = dPt{v^ ,t:{v)). We take 

a symplectic basis {w-^, w^, w^, w^} of {TxM/RRx, {dj3t)x) so that 

(i) <i>*w^ is nonzero and 

(ii) = for j = 3, 4. 

Let {wi*,i>2*,w3* ,y4*| ^i^g ^jjgig of {T^M/m.Rx)* dual to {w^, w^, w^, We 
put [dlit)x = T,j,kO'i'''"^* ^ '"^*- By (EB and the condition (ii), we have a]^ = 
for j = 3 and 4. Hence we have (d/?* A dfit)x = aPaf^w^* A v^* A w^* A w''*. By 
(|2T|) and the condition (i), a^^ = d(3t{v'^ , v'^) — is nonzero. We show a^"' is 

nonzero. Since d/3t{v'^,v'^) = (1 — t)dao{v^ ,v'^) + tdai{v^,v'^), it suffices to show 
that the signature of dao{v^,v'^) and dai{v^,v'^) are equal. That is, it sufhces to 
show that the orientations of TxM/RRx determined by dao A dao and dai A dai 
are the same. Since the basic coliomology classes of dao and dai are the Euler 
classes of the isometric flow defined in ,24] which is determined by R, we have 
[dao A dao]B = [dai A daijs in H'^{M/T) where T is the foliation defined by the 
orbits of the flow generated by R and Hg{M/T) is the basic cohomology of (M, T) 
of degree 4. Hence Oj'* is nonzero and {dPt)x is symplectic for t in [0, 1]. 

We consider the case where a; is a point on a singular S'^-orbit of p. Let a 
be the S'^-action on M of the identity component of the isotropy group of p at 
X. Fix a sufficiently small transversal T to the Reeb flow which contains x and is 
invariant under a. Let Y be the vector fleld generating a. Then {Tjdatlx) is a 
symplectic manifold with the hamiltonian S^-action a and a hamiltonian function 
at{Y) for t = and 1. In fact, we have d{atiY)){Z) = d{at{Y))iZ) - LyatiZ) = 
-datiY,Z) for a vector field Z on T. Note that ao{Y) = ai(F). Hence {T,dao\T) 
and (T, dai It) are symplectic manifolds with the same hamiltonian S'^-action a 
and the same hamiltonian function. Then dPt is symplectic at x by Lemma 4.13 of 

We show (ii). Since df3t is a symplectic form on TxM/M.Rx for every t in [0, 1] 
and every x in M, ker/?t gives the isotopy of p-invariant contact structures from 
kerao to kerai. Then we have a p-equi variant diffeomorphism / on M which 
satisfies /*(kerao) = kerai by the equivariant version of Gray's stability theorem 
[14j . Since / is p-equi variant, — R. Hence wc have f*ai — ao- O 

By Propositions 13. 12l and [3T6l we have Theorem ll.il We state Theorem 1 1.1 1 in 
a finer form: 

Corollary 3.17. // there exists an isomorphism (f> between the graphs of isotropy 
data of {Mq, aoi V'o) ci'i^d {Mi, ai, "01), then there exists an isomorphism from {Mq, uq) 
to {Mi,ai) which induces (j). 

We show CoroUarv 11.21 from Corollarv l3.17l 

Proof. The "only if" part is clear. We show the "if" part. Let / be a diffeomor- 
phism /: Mq — > Ml such that /*i?o = Ri- Fix an isomorphism ip: Gi — > T^. 
Since /*i?o = Ri, f induces an isomorphism from the graph of isotropy data of 
{Mq, QfQ, -0 o /^) to the graph of isotropy data of {Mi,ai,ip) where /* : Go — > Gi 
is the map induced from /. Hence CoroUarv 11.21 follows from CoroUarv 13. 171 □ 
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3.4.3. The realization problem of the given graphs of isotropy data. In the case 
where the maximal component and the minimal component of (Af , a) of dimen- 
sion 3, each nontrivial chain can be realized as a nontrivial chain in a closed 
5-dimensional contact toric manifold of rank 2 by Lemma 16.111 Hence we can 
construct a ii'-contact manifold which has the given graph of isotropy data T by 
the construction of the fiber sum (See Definition 16. 3p if F satisfies the following 
conditions: 

(i) r has two fat vertices, 

(ii) the genus of the Seifert invariants attached to two fat vertices coincide and 

(iii) each path in F connecting two fat vertices can be realized as a nontrivial 
chain in a closed 5-dimensional contact toric manifold. 

3.5. Nontrivial chains in contact toric manifolds. We see the relation between 
the nontrivial chains in 5-dimensional contact toric manifolds of rank 2 and the 
corresponding good cones in . A good cone in K'^ is the image of the moment map 
of the symplectization of a 5-dimensional contact toric manifold for the T'^-action, 
which determines the equivariant isomorphism class of 5-dimensional contact toric 
manifolds by a result of Lerman TS] . 

Let (M, a) be a closed 5-dimensional ii'-contact manifold of rank 2. We denote 
the closure of the Reeb fiow in Isom(A/, g) for a metric g compatible to a by G. The 
action of G on M is denoted by p. Assume that M has an effective a-preserving 
T'^-action r. Then p is a T^-subaction of r by the remark after Lemma [2.41 The 
Reeb vector field R of (M, a) is the infinitesimal action of an element R of Lie(T'^). 
We denote the contact moment map for r by 

(22) ^o.: M Lie(T3)* 

X I — > a^. 

Note that the image of is contained in the 2-dimensional affine subspace A — 
{v e Ue{T^)*\v(R) = 1} of Lie(r3)*. The symplectization (A/ x M>o,d(ra)) 
is a symplectic toric manifold and the image of is the intersection of A and 
the symplectic moment map image of {M x M>o, c?(r-^a)). Since the image of the 
symplectic moment map image of (M x IR.>o, d{ra)) is a convex cone by [15 , is 
a convex polyhedron. 

We denote the contact moment map for p by $a and the restriction map Lie(T^)* - 
Lie(G)* by tt. Then we have tt o — The union of nontrivial chains of (Af, a) 
is contained in the inverse image of the boundary of the image of $q.. Hence the 
number of nontrivial chains is at most 2. If the minimal component i?,nin and the 
maximal component Bmax of $q- are of dimension 3, -Bmin and i?max have iiT-contact 
structures of rank 2. Hence i?min and i?max are diffeomorphic to lens spaces by the 
classification theorem of 3-dimensional contact toric manifolds by Lerman [18] . 

We prepare a lemma for later use. 

Lemma 3.18. Let H be a Lie group. Let (Af, a) be a K-contact manifold with an 
a-preserving H -action r. Assume that R is an infinitesimal action of t. Let $q be 
a contact moment map for r. Then <I>q, is a submersion on the union of the orbits 
of T whose isotropy groups are trivial. 

Proof. Let {Xj}^^^ be elements of Lie(ff) such that {f?, ATi, • • • , Xk} is a basis of 
Lie(ff). Let Xj be the infinitesimal action of Xj. Identifying Lie(ff)* with M'^+^ 




by the basis {R , Xi, ■ ■ ■ , X)^} dual to {R, Xi, ■ ■ ■ , Xk}, we can write <Iq. as 

, . I>„(x) =a(i?)(a;)i?*+E-=ia(^,)W^,* 

^ ' ={l,a{Xi){x),aiX2){x),--- ,aiXk){x)). 

Take a point x on M such that the isotropy group of r at a; is trivial. Then 
{Rx, Xixj • • • , Xkx} are linearly independent. Since da is nondegenerate on kera, 
there exist a vector Yj in T^M such that da{Xjx,Yj) is nonzero. Let pr^ be the 
j-th projection defined on Lie(£r)* with respect to the basis {R* , X*i, • • • , X*f.}. By 
(f23| . we have d{prj0^a)^(Yj) ~ d{a{Xj){Yj){x) — —da{Xjx,Yj) is nonzero for 
each J. Hence is a submersion at cc. □ 



4. A SUFFICIENT CONDITION TO BE TORIC 

We show Theorem ll.Sl which gives a sufficient condition for a closed 5-dimensional 
if-contact manifold of rank 2 to be toric. Theorem 11.51 follows from Propositions 
|4J] and [4121 

Let (M, a) be a closed 5-dimensional ii'-contact manifold of rank 2. We denote 
the Reeb vector field of a by R. Let G be the closure of the Reeb fiow in Isom(Af, g) 
for a metric g compatible to a. The action of G on M is denoted by p. We put 
$ — a{X) where X is an infinitesimal action of p which is not parallel to R. The 
maximal component and the minimal component of $ are denoted by Bmax and 
-Bmin respectively. 

For a topological group H, an iJ-action r on a set A and a r-invariant subset B 
of A, we denote the cardinality of the kernel of H — > Aut(_B) by /(r, B). 

4.1. Estimate on the number of nontrivial chains. We show 

Proposition 4.1. If the conditions (i) and (ii) of Theorem \1.5\ are satisfied, then 
the number of nontrivial chains in [M, a) is at most 2. 

The condition (i) of Theorem 11.51 is satisfied if and only if i?max and -Bmin are 
isolated closed orbits of the Reeb flow by Lemma 13.31 (iv). The condition (ii) 
of Theorem 11.51 can be translated into a condition on the image of the contact 
moment map for p. We denote the kernel of exp: Lie(G) — > G by Lie(G)z. We 
put Q. = {v & Lie(G')|w • cc > for every x in <I>q(M)}. Then is an open convex 
cone in Lie(G) whose boundary has rational slopes. We denote the two primitive 
vectors in Lie(G)z tangent to the boundary of Q. by Umin and Wmax- 
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Lemma 4.2. The condition (ii) is satisfied if and only if there exists a vector v in 
51 n Lie(G)z such that both o/{w,fniin} and {w,Wmax} are "L-bases o/Lie(G)z- 

Proof. For an S'^-subaction a of p, let the vector field generating a. Va- denotes 
the vector in Lie(G)z whose infinitesimal action is For a point x on M, we 
have ^a{x){va) > if and only if a{Xcr) > by definition. Hence Va is contained 
in if and only if the orbits of a are positively transverse to kera on M. 

Note that for two vectors vi and V2 in Lie(G)z, the product of tr^^ and CTuj is 
isomorphic to p if and only if {vi,V2} is a Z-basis of Lie(G)z- Note also that the 
infinitesimal action of v^ain and Wmax generates the action of G^nin and Gmax- 

We show the "only if" part. Assume that there exists an 5^-subgroup G' of G 
such that both of G' x Gmax and G' x Gmin are isomorphic to G. Let vq be the 
vector in Lie(G)z whose infinitesimal action generates the action of G'. Since the 
orbits of the action of G' is transverse to ker a, either of vq or —vo is contained in f2 
by the argument in the first paragraph. On the other hand, by the remarks in the 
second paragraph, {wo,i'min}, {wo,i'max}, {-woiWmin} and {-t;o,Wmax} are Z-bases 
of Lie(G)z. Hence the "only if" part is proved. 

We show the "if" part. Assume that there exists a vector w in n Lie(G)z such 
that {v, t^min} and {v, Wmax} are Z-bases of Lie(G)z. We denote the S'^-action on M 
generated by the infinitesimal action of v by cr. Then the orbits of the action of G' 
is transverse to ker a by the argument of the first paragraph, since v is contained 
in Q. Both of {v, Wmax} and {v, Wmin} are Z-bases of Lie(G)z by the remarks in the 
second paragraph. Hence the "if" part is proved. □ 

To show Proposition 14. H we use the Eulcr number of locally free S'^-actions on 
3-dimensional orbifolds. 

Definition 4.3. (Euler number of locally free S^-actions on 3-dimensional orb- 
ifolds) Let T be a transversely oriented locally free -action on a compact 3- 
dimensional orbifold W . Then we define 



where G' is a discrete subgroup of such that the effective -action t/G' on 
W^/('''|g') induced from r is free and e{T /G' , W/ {t\g')) is the Euler number of the 
oriented circle bundle over the topological surface W/G' defined by the free S^/G'- 
action t/G' on W/G'. 

Note that the base surface of the 5"'^-action t/G' on W/{t\gi) is the oriented 
topological surface W/t. 

For the definition of Euler number of locally free S^-actions on 3-dimensional 
manifolds, we refer The Euler number e(T, W) is shown to be independent of 
the choice of G' and well-defined for W and r as in the case of locally free 5^-actions 
on 3-dimcnsional manifolds. 

Lemma 4.4. Let a be the -action on S'^ defined by 



(25) 



eiT,W) = — -e{T/G\W/{T\G')) 



(26) 



t.(zi,Z2) = (i™^^l,t™^^2) 



for nonzero coprime integers mi and m2 ■ We orient as the boundary of the unit 
ball in with the orientation determined by the standard complex structure. The 
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transverse orientation of a is defined from the orientation on and the orientation 
of the orbits of a. Then we have 

(27) e{a,S')^ —. 

Proof. Since mi and TO2 are coprime, the group generated by isotropy groups of r at 
exceptional orbits is Z/TO1TO2Z. We show the effective S^-action on S^/ {o'\z/mim2i.) 
induced from a is isomorphic to the S'^-action ctq on defined by 

(28) t • (Z1,Z2) = (i^^Zl,t^^Z2). 

We define a map /: — > by f{zi,Z2) = (z7*%z™i). Then / induces a 
map /: /{a\i/mim2z) — * f is clearly surjective. We show / is injective. 
ft suffices to show the fiber of / of each point on coincides with an orbit of 
<y\z/mim2i,- Take a point (wi,W2) on S^. We consider the case where both of Wi 
and W2 are nonzero. Since mi and m2 are coprime, the cardinality of f~^{wi, W2) is 
|mim2|. Since the cardinality of the orbit of cr of a point in f~^{wi,W2) is |toiTO2|, 
/^^(wi,?i'2) is an orbit of o'|z/mim2Z- We consider the case where wi — 0. Then 
W2 is nonzero, and the cardinality of f~^{wi,W2) is |mi|. Since the cardinality of 
the orbit of (j\z/m.im2'i of ^ point in /"-"^(wi, W2) is |mi|, /^^(wi, W2) is an orbit of 
cr. The proof in the case where W2 = is symmetric to the previous case. Hence / 
is a homeomorphism. 

a induces an S'^-action on 5'"^/((T|z/mim2z) = defined by 

(29) t-{wi,W2) = (t™i™^u;i,i™i™^w;2). 

Hence the effective S'^-action on / {(j\x/mim2i) induced from a is (Tq. Since 

mim2 
\mim2\ 



e((jQ, S^) — — definition of the transverse orientation, we have 



(30) e(a, S^) = --^—e{ao, S^) = — 

\mim2\ mim2 

by ([23. □ 

Lemma 4.5. Assume that we have the effective T'^-action a on x defined by 

(31) {tl,t2) ■ {C,Zi,Z2) - itrt'2°C,tr4'zi,t1H'2'z2) 

in the standard coordinate where ao is positive. We orient as the boundary of the 
unit ball in with the orientation determined by the standard complex structure. 
Let (Ji and 02 be the S^-actions obtained from t by restricting to x {1} and 
{1} X respectively. Then we have 

(32) e(a2, (S' x S')/a,) = -— -^f- — . 

(floOi - aibo)[aob2 - 0260) 

Proof. Let ai and (T2 be 5^-actions on x defined by 

(33) h ■ {£,,wi,W2) ^ {ti^,wi,W2) 
and 

(34) t2 ■ {^,WUW2) = (4°e,C''""''"«^l:C''""''"«^2) 

respectively. Let r be the Z/aoZ-action on x defined by 

(35) S ■ {^,Wl,W2) = (s^, S""^Wl, S^°-^W2) 
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for s in Z/aqZ where we identify Z/aqZ with a subgroup of the complex numbers 
with absolute values 1. We identify {S^ x S^)/t with x by the diffeomorphism 
/ defined by /([(^, wi, wa)]) = C^'wi, r'''«2)- Then <ti induces cti on {S^ x 
5'^)/r. a-2 induces the S*^- action defined by 

(36) t2-{C,Zl,Z2)^{tT'"C,tT''Zl,tr''^^2). 

Hence the effective S'^-action on {S^ x S^)/t induced from tj2 is o'2- 

The cardinality of the isotropy group of the action on {S^ x S^)/(Ji induced from 
f72 is GCD(|ao6i — ai6o|, |ao^2 ~ a2&o|)- The cardinality of the isotropy group of the 
action on {S^ x S'^)/ai induced from ctj" is ao, since the cardinality of the isotropy 
group of the action on {S^ x S^)/ai induced from (T2 is 1 by the effectiveness of the 
T^-action a. Hence (S^ x S^)/ai with S'^-action ctj" is equivariantly diffeomorphic 
to the quotient of {S^ x S^)/ai with S'^-action (T2 by the Z/K-subaction of (T2 
^^ere I = GCD(|aobi-a°bol>ob2-a.bo|) - By jlSl), we have 

(37) e(a2, {S' x S')/a^) = ^ eja^, {S' x S')/a^). 

GCD(|aofci-oi6oMao&2-a2f'ol) 

Since (5^ x S^)/ai — and the Euler number of the S'^-action on defined 

by 

(38) t.(zi,Z2) = (s™^^i,s'"^^2) 

GCD(|mi|,|m2|) 

mi 7712 

(39) e{a2,{S'xS^)/a^) 

(aobi - aibo)[aob2 - a20o) 

By jSll) and ([391), we have □ 



is by Lemma 1131 we have 

mim2 ^ ' 



3 ^ _ GCD(|ao6i - ai^ol, \a0b2 - 0260! 



We fix S'^-subactions pi and p2 of p so that the product of pi and p2 is p and 
the orbits of pi is positively transverse to kera. Let i?max and i/min be level sets 
of $ = a{X) sufficiently close to Bmax and Smin, respectively. 

$ is constant on the each orbit of p by Lemma 13.31 (i). We fix transverse orien- 
tations of locally free orbits of p in each level set of $ as follows: Take a 4-form 
w on M which satisfies A cu = a A da A da on M ~ Smin — ^max — Grit <&. We 
take a 2-form lo' on M which satisfies uj' A ai A a2 = u) on M — Grit $ where aj 
is a 1-form on M which satisfies aj{Yj) = 1 for the infinitesimal action Yj of pj. 
Then to' determines an transverse orientation of p on each level set of $. Note that 
the transverse orientation changes if we use — $ instead of $. We regard i/min as a 
normal S''^-bundle of E,nin. Let be a fiber in i/min- F is transverse to the orbits 
of p. We determine the signature of <& so that the orientation of F determined by 
the above process is equal to the orientation determined as the boundary of the 
symplectic normal bundle of i?min- 

Lemma 4.6. Assume that i?max o,nd Bmin o,re closed orbits 0/ the Reeb flow. Let 
-^max o*^*^ ^max ^'^^ gradient manifolds whose closures are smooth near i?max- 
Let ijjiin and i^^j^ be two gradient manifolds whose closures are smooth near -Bmin . 

We put flinin = /(pi, -Bmin); Omax = /(pi,-Bmax), mmax = L[p,L]^^^), Umax = 
/(p, imax); "^min = I{p, -^min) ".'"■d Uuun = I{p, -^min)- Then WC httVC 

(40) e(p2,i?min/pi) = 

^min^min 
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and 

(41) e(p2,i?max/pi) = '^^^ 

^max^max 

Proof. By Lemma 18.241 we have a coordinate on an open neighborhood U of Bmin 
such that p is written as 

(42) (si, S2) • (c, zi, = (^rc, s^'^s^^zi, sr^2). 

Since $ is written as (I247P on a finite covering of t/, we can put i/,nin = {(C, zi, ^2) <= 
X ZJ^IIzip + |2:2p = e} for a smaU positive number e and assume that mi and 
TO2 are positive. We can write pi and p2 respectively as 

(43) h-{c,zi,z2) = itrc,tt'z,,trz2) 

and 

(44) t2-iC,Zl,Z2)^itl°C,tl'zi,4'z2) 

so that ao is positive. Then we have 

(45) ao = ainin 

by the definition of amin- There exists an element A of GL(2; Z) such that 



(46) A 



( ao 








bi 





no ni 712 

nil 7712 



Hence the signatures of aofei — ai&o and 0962 ^ 0269 are equal. Since Lj^in and L^-^^ 
are defined by the equations Z2 = and 21 = respectively, we have I{p, L^^^-^^J = 
|ao6i — ai5o| and J(p, L'^-^^) = |aofe2 ^ a2feo|- Then we have 

(47) TOininnmin = (oo^i " ai6o)(aofe2 - a2&o)- 
By Lemma 14.61 we have 

(48) e{p2,H^in/pi) = --— , w , TT- 

(aoOi - aibo)(aob2 - a2boj 

By (gSl), (gll) and (gS]), we have (gO]). 

The proof of ((4T|) is the same except the point where the signature of the right 
hand side of (I48p changes because the transverse orientation is different from the 
previous case. □ 

Lemma 4.7. Take two regular values b and b' of ^ so that [6,6'] contains a unique 
critical value c of ^. We assume that the critical set in $~^(c) is a closed orbit S 
of the Reeb flow. Let L and L' be the gradient manifolds whose limit sets contain 
S. We put k = I(p, L), k' = I[p, L') and a = I{pi, S). Then we have 

(49) e(p2, <i>-^(6')M) - e(p2, <i>-^(6)/pi) - ^. 

Proof. By Lemma r8.241 we have a coordinate on an open neighborhood [/ of E such 
that p is written as 

(50) (si, S2) • (c, ^1,^2) = (^rc, ^2). 

Since $ is written as in (j247p on a finite covering of U and S is contained neither 
in Bmin nor in -Bmax, we can assume that mi is positive and m2 is negative. We 
put W = {{C,^ zi, Z2) & X D*\\zi\'^ + |z2p = e} for a small positive number e. We 
can write pi and p2 respectively as 

(51) ti-iC,Zi,Z2) = itl"C,trZi,trZ2) 
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and 

(52) h-iC,z,,Z2)^it'2''C,tl'zi,4'z2) 
so that ao is positive. Then we have 

(53) ao = a 

by the definition of a. Then the signatures of agbi — aibo and 0962 — 02^0 are 
different by the equation ()46p and the fact that mi is positive and 7712 is negative. 
Hence we have 

(54) - kk' = {aoh - ai6o)(ao^2 - 0260). 

By the assumption, the S'^-action p2 on (f>~^(fe')/pi is obtained from the S^- 
action p2 on $~^(6)/pi by the Dehn surgery which replaces a solid torus S' with an 
exceptional orbit (L'n$~^(6'))/pi of p2 to a solid torus S with an exceptional orbit 
{Lr\^~^{b))/ pi of p2. Note that we can take S and 5' so that W is S'-'^-equivariantly 
diffeomorphic to S U S' . By the additivity of the Euler numbers with respect to 
the connected sum on the base spaces of the Seifert fibrations, the change of the 
Euler numbers under this operation in which we obtain $~^(&)/pi from $~^(6')/pi 
is equal to e{p2,W/pi). Hence we have (|49|) by (fSSj) . ((54|) and Lemma l4?5l □ 

Lemma 4.8. We denote the nontrivial chains in (M, a) hy C^,C^,--- ,C^. Let 
L\, L2, ■ ■ ■ , ^f(j) be the gradient manifolds which form in the order of the sub- 
scripts. Let ^l^^i be the closed orbit of the Reeb flow contained in both of the 
closures of Ll and Lj^^ for i = 1, 2, • • • , — 1. We put kf = I{p, Lj) for i — 1, 
2, ■ ■ ■ , l{j), and aj-^^ = I{pi, /or i = 1, 2, • • • , l{j) ~ 1. Then we have 



(55) e(p2,i?max//5l) " e(p2 , i?min//Ol ) = ^ 



a; 



ii+l 



Proof We put 6,„ax = *(^^max) and femin = ^'(ffmin)- Then &,„i„ and 6,„ax are 
regular values of $ sufficiently close to the minimum value and the maximum value 
of $, respectively. When b moves from bnun to 6max, the change of e{p2, $^^(6)//9i) 
occurs only when b goes through a critical value of By Lemma 14.71 we can 
compute the contribution of each closed orbit of the Reeb flow. Since we obtain 
e(p2, ^max/pi) — e{p2, Hniin/ Pi) by Summing up the contributions of closed orbits 
of the Reeb flow, we have the formula □ 

Lemma 4.9. Let Li,L2, ■ ■ ■ , Li be the gradient manifolds which form a chain C 
in the order of the subscripts. Let 'Suj^.i be the closed orbit of the Reeb flow between 
Li and Li+i for i = 1, 2, • • • ,1 — 1. We put ki = /(p, Li) for i = 1, 2, • • • ,1, and 
~ I{pi, '^ii+i) for i = 1, 2, • • • , ^ — 1. Then we have 



(56) 

for some positive integer d. 



f^^kih+i LCM{ki, ki) 



Proof. We choose regular values vi,V2, - ■ ■ , f ; of $ so that Vi is contained in the im- 
ageofLi. Bv Corollarv l4.51 the contribution of E^^+i to the change of e(p2, *i'~^(a;)/pi) 
is pp^. Hence the total contribution of closed orbits {S]ii+i}[~i[ in C to the change 



of e{p2,<i> ^ix)/pi) is equal to X^Li if^- 
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Choose a p-invariant open neighborhood U of the chain C which does not inter- 
sect other nontrivial chains. {^^^{vi)r\U)/pi is obtained from {^^^{vi)r\U)/pi by 
Dehn surgery which replaces a solid torus 5*1 with an exceptional orbit {^^^(vi) f] 
C) / pi of p2 with multiplicity ki by a solid torus Si with an exceptional orbit 
(<i>~^(t>/)nC)/pi of p2 with multiplicity fc;. By the additivity of Euler numbers with 
respect to the connected sum on the base spaces of Seifert fibrations, the change 
of the Euler numbers under this operation by which we obtain {^~^{vi) n U)/pi 
from {^^^{vi) n U)/pi is equal to e{a,Si U Si) where a is an S'^-action on an 
3-dimensional orbifold Si U Si which is the union of two solid tori and has two 
exceptional orbits of multiplicity fci and fc;. Let H be the subgroup of S^ with 
LCM(fci,fc;) elements. Since H contains the isotropy group of the S'^-action on 
Si U Si, the effective S'^-action induced from cr on {Si U Si)/{a\H) is free. Hence 
the denominator of e{a,Si U Si) divides LCM(A;i,fc;) by ([25ll . Then the denomi- 
nator of the total contribution of closed orbits {Eii+i}'^!^ in C to the change of 
e{p2,'^~^ix)/pi) divides LCM{ki, ki). 

By the conclusions of the two previous paragraphs, we have 



(57) 



t-r hki+i ^ LCM(fci,fc; 



for some integer d. The positivity of d follows from the positivity of the right hand 
side of (HZI). □ 

Lemma 4.10. We denote the nontrivial chains in (M, a) by , C^, • • • , C'^. Let 

L\, L2, ■ ■ ■ , ^/(j) ^£ t^>-^ gradient manifolds which form in the order of the sub- 
scripts. We put kf — I{p, Lj) for i — 1,2, ■ ■ ■ ,1. Then we have 

d^ 



(58) e(p2, i?_/pr) - e(p2, i/..n/pr) = LCM(fc^^/,,) 



for some positive integers d^ . 

Proof. Let I^l^^i be the closed orbit of the Reeb flow between Lj and Lj^-^^. We 



put aj^^i = I(p2,^ii^i) for i = 1, 2, • • • ,1 — 1. By Lemma |4~81 we have 

a'- 

(59) e(p2, ffmax/Pl) - e(p2, ffmin/Pl) = ^ "^^ ■ 

Applying Lemma 14.91 to each chain and summing for j = 1, 2, • • • , fc, we obtain 

(60) y^k^ = y 

f-fcffc^+i ^LCMiki,ki^^^) 

Hence the equation ((58l) is proved. □ 

Corollary 4.11. Assume that the assumptions (i) and (ii) of Theorem I,?. 51 are 
satisfied. Then we have 

1 1 d^ 

LCM(m„iax,nmax) LCM(TOmin , "min) " ^ LCM(fc^ , fc/(^.) ) 

for some positive integers d^ . 
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Proof. We denote the lattice of Lie(G') which is the kernel of the exponential map 
Lie(G') — >Ghy Lie(G')z. We define det : Lie(G) — >Rso that det{A^ Lie(G')z) 
is contained in Z. Let X be the primitive vector in Lic(G)z which generates the 
5^-subgroup G" in the assumption (ii) of Theorem 11.51 We denote the S'^-action 
of G' on M by a. For a closed orbit E of the Reeb flow, Is denotes the primitive 
vector in Lie(G)z whose infinitesimal action generates the action of the identity 
component of the isotropy group of p at S. We have 

(62) |det(X Y^)\ . 

For, both sides are equal to the number of the intersection points of G' and the 
isotropy group of p at S in T^. Since 

(63) det (X Fb^^J = l,det (X Yb„,,,,) = 1 
by the assumption, we have 

(64) B„,ax) = Hp, Bmax), I{<J, S„,in) = /(p, S„,in) 

by ([5^ . By Lemma [8.301 we have 

(65) /(/9,S„un) = GCD( ),I{p, Bmiix) = GCD(TOmax, f^max)• 

By Lemma l4Jl ([64]) and ((65)) . we have 

(66) e(p2,i/min/pi) = = 



LCM(m„ 



"^mni'^mni " '^miii "^mm ^'-^^^^V mini '^rnmy 

and 

/(cr, Bmax) Hp, -Bmax) 



(67) e(p2,i?max/pi) = „ . 

^max^max ^max^max J-''^-L*Al,^max; ^max j 

Substituting and ((171) to the equation of Lemma OUl we have □ 

Note that (pT|) in Corollarv l4.11l is similar to the equation (5.12) in Lemma 5.11 
of [T^ . We complete the proof of Proposition 14.11 by using Corollary 14.111 and 
argument similar to Karshon's proof of Proposition 5.13 of IF] as follows: 

Proof. Assume that (M, a) has more than two nontrivial chains. Since -Bmin a-nd 
Sjjiax are contained in the closures of at most two gradient manifolds consisting of 
points with nontrivial isotropy group of p, one of the following occurs: 

(i) there exists a nontrivial chain such that both of the top and bottom gra- 
dient manifolds are free or 

(ii) there exist two nontrivial chains and such that 

(a) the top gradient manifold of G^ and the bottom gradient manifold of 
G^ consist of points with nontrivial isotropy group of p and 

(b) the top gradient manifold of G^ and the bottom gradient manifold of 
G^ are free. 

We show that both of (i) and (ii) cannot occur. 

First, we show that (ii) cannot occur. Let m^ax be the cardinality of the isotropy 
group of p at the top gradient manifold of G^ and n^ia be the cardinality of the 
isotropy group of p at the bottom gradient manifold of G^. If (ii) is true, then the 

left hand side of (|6ip is less than or equal to h ^^-i— and the right hand side 

of (pT|) is greater than — 1 —. Hence it is contradiction. 
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Assume that (i) is true. By the equation (|6T|) . 

^^^"^ LCM(mi„ax, nmax) LCM(mmin,nmin) ^ ^' 

since the right hand side of (j6ip is greater than 1. Then we can assume mmax = 
n-mnK — 1, since if both of pairs (m-max, ?^max) and (mmin, ?^min) are not equal to 
(1, 1), the inequality ([55)) is not satisfied. Then we have 

(69) i + TT^wr^ ^JL + J^ + d' 

ljLyiVHm,jii,i, riniinj 'T-min l^min 

for some positive integers , cP and d? by the equation (|6ip . On the other hand, 
there exists no solution for ([69]) . since we have 1 < d"^, LCM(m^i n ■ ) — ^^"^ 

.2 

< — — . It is contradiction. 

Hence the proof of Proposition 14. II is completed. □ 

4.2. Two chains imply toric. 

Proposition 4.12. Assume that 

(i) Smax ttnd i?inin o,re lens spaces or closed orbits of the Reeb flow, 

(ii) the number of nontrivial chains in {M, a) is at most 2. 

Then there exists an a-preserving T^-action on M . 

Proposition 4.13. Assume that the conditions (i) and (ii) in Proposition \4. 1^ are 
satisfied. Let and be two chains in (M, a). Assume that there is no nontrivial 
chain except and . There exist an open neighborhood V of the union of , 
, Smin and i?max o.nd an a-preserving T^-action r on V . Moreover, the image of 
the contact moment map for r is an open neighborhood of the boundary of a convex 
polygon in a 2-dimensional affine subspace oflAeiT^)*. 

Proof. By the condition (i) of Proposition 14.121 Lemmas 18.111 and 18.14) we have 

(i) an open neighborhood Un^iu of Smin and an a-preserving T'^-action Tmin 
on Umin and 

(ii) an open neighborhood [/max of ^max and an a-preserving T'^-action Tmax 

on [/max- 

By Lemma 18.131 we have an open neighborhood [/* of the chain C" and an a- 
preserving T'^-action on [/* for z = 1 and 2 which satisfy the following: 

(i) n U"^ is contained in [/min U [/max, 

(ii) preserves a, 

(iii) the restriction of r* to [/* n [/min coincides with pmin and 

(iv) the restriction of r* to [/* n [/max is conjugate to pmax- 

We denote the T^-action on [/minU [/^ U[/^ obtained from Tmin, and by r^. 
Define W = ([/min U [/^ U [/^ U [/max)/ ^ whcrc cc y if both of x and y are the same 
points of [/^ n [/max, U'^ H [/min Or H [/min- Conjugating Tmax so that Tmax and 
T2 are equal on [/^ n [/max, we obtain a T^-action r'' on W from r'^ and Tmax- We 
denote the contact moment map for by : — > Ue(T^)* . Let Eq be the top 
closed orbit of the Reeb flow in C^. Let Smax and be the connected components 
of the inverse image of Eg by the canonical map W — > [/min U [/^ U [/^ U [/max so 
that Emax is contained in the subset [/max of W and E^ is contained in the subset 
of W, respectively. We will show the former part of Lemma 14.131 by showing 
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that the automorphism of which gives the conjugation of t'*|;7„-,„ and t'^\u^ is 
the identity. 

We show l>Q(Smax) = ^a(S^). Wc fix our notation. We identify Lie(T^) with 
so that the kernel of exp: Lie(r^) — > is identified with and Lie(G) is 

identified with {(^ " ) ^ K'^K'ij^'s G M}. Since R is contained in Lie(G'), we can 

rotate Lie(G) by an orthogonal matrix so that 

(70) 

Define Xq = ^ o ^ Let Xq be the infinitesimal action of Xq and define a function 
$' on M by 

(71) <P' = a{Xo). 

Xq defines a linear function tt on Lie(r'^)* by the canonical coupling, which coin- 
cides with the first projection. Note that tt o = ^' ■ Let x^ax and Xmin be the 
maximum and the minimum values of tt on the image of <I>q,. Let A be the afRne 
subspace A ^ {v e Lie{T^)*\v{R) = 1}. Then ^aC^max) and l>a(S^) are contained 
in 7r~^(a;max) n A by the construction. Hence to show $Q(Smax) = ^a(S^), it 
suffices to show the equality of the second coordinates of ^ai^max) and $q.(S^). 

We will prove the equality of the second coordinates of $a(Smax) and $q,(S^) 
computing the width of the level set of tt in the polyhedron surrounded by the image 
of Note that the width of the level set of tt in the domain surrounded by the 
image of corresponds to the value of the density function of the Duistermaat- 
Heckman measure in the case of symplectic manifolds with hamiltonian 5'^-action 
(See m). 

We define the width 0(x) of the level set of tt at a value x by 0(x) = pr2($Q(G'^)n 
7r~^(a:)) — pr2($Q(G^) n n~^{x)) where prj is the second projection on Lie(r'^)*. 
We define the width Wmax and ix;inin of $Q(i?min) and $Q(Bnii„) by sup^gfj pr2(^) - 
infzgfj pr2(-z) for fl = -Bmin and Bmax- If ^min or Bniax is a closed orbit of the Reeb 
flow, then Wmin or Wmax is respectively. It suffices to show 0(xniax) — w^ax to 
show the coincidence of the second coordinates of l>Q(Sinax) and I>q,(I]^). 

Let L{,L2, - ■ ■ , Ljj-^-) be the gradient manifolds which form in the order of the 
subscripts for j — I and 2. Recall that the value of $' on the w-limit set of Ll^^ 
is greater than the value of $' on the w-limit set of for j = 1 and 2. ^aiLf) is 
contained in the intersection line of A and a plane P/ in Lie(r'^)*. We denote the 
primitive vector in Z'^ with positive third coordinate defining the plane by n^. 
Define kf = I{p,L{). 

We will prove that the second component of n\ is equal to (—!)■' fc^ where is an 
element of Lie(r'^) whose infinitesimal action of generates the isotropic action of 

at L{ . Since the normal vector of Lie(G) in Lie(T'') is equal to the absolute 

value of the second component of is equal to the number of intersection points 
of G and the S'^-subgroup of corresponding to 71^. The number of intersection 
points of G and the S'^-subgroup of corresponding to is equal to kl . The 
signature of the second component of is equal to (— l)-* by the following two 
reason: 
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(i) the angle between the planes defined by nj and nj_^_^ is smaller than tt by 
the local convexity of the image of the symplectic moment map defined on 
the symplectization (See Theorem 4.7 of P2]) and 

(ii) the value of <i>' on the w-limit set of Lj^^ is greater than the value of $' 
on the w-limit set of . 



Hence the second component of nj is equal to {—lykf. 

We denote the closed orbit of the Reeb fiow between and by S^^+i- 

We denote the value of tt on ^ai^u+i) by xl^^-^^. Consider the union of seg- 
ments u''jL\^aiLl). Let be the slope of ^aiL{) for j = 1 and 2. By Lemma 
14.141 below, the change of the slope of ^i^t\^a{L}) when x goes through xj is 



det i?) ). Hence the slope of ^a{L\) is 



1 ''"^ 1 

(72) si_^^_det(ni+i nj R) 



Similarly, the change of the slope of ^^''=1 ^a{Lj) when x goes through is — ^ ( jjp- 
Hence the slope of $q(L^) is 



1 ''"^ 1 

(73) ,^__J2^^det{nl, n\ R) 



By Lemma mill we have 



(74) - s'^ ^-(-^Tn det (nlnlR) 

r \k{k^ 



Let ^;^(]^) be the connected component of the inverse image of by the canonical 
map W — > M contained in the subset J/max of W . We denote the normal vector 
of ^a{L]f^-^.^) in Lie(r3)* by n\f^^y We put x^_^q = Xmin and = x^^y, for 
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j — 1 and 2. By (TtS]) . (l73|) and ([74|) . we can compute r(/)(a;max) as follows: 
(75) 

r4){x„ 



''max J 



''"'^min ~^ (*^max ~ -^min ) dct ( ^t-i -f^ ) 

-Ej,h.(2;i/,+i-4-ij(E'=i^l3^det(n^^^ nl i?)) 

R] 

- T,j,i (s^max - ) ^et nl R) 

™min 



+a;max(^ det {n\ nj R) -J2 



R) 



( 



?^'U^min - ("l ^1 ^mini^ " ^o) 



'^iC2)'^i(l) 

/ 1 



''Winax + \.i det f n^^2) a;max-R - ^0 



^^(1) ^) + fcr^det(ni i?) 



-(l^;;iT-det(^?(2) Xo)+^det(ni Xq) 

-E,, ''^rg-^- det(n^^, i?) 

+fWmax- 

We show that the first line of the rightmost hand side of ([75|) is zero. If Bmin is of di- 
mension 1, then we have Wmin = by the definition. We have det (n} nf XminR — ^ 
by Lemma r4.15l below. Hence the first line is 0. If i?min is of dimension 3, then the 
first line is zero by Lemma |4. 1 71 below. Similarly the second line is zero by Lemmas 
I4.15l and l4.17l The third and the fourth lines are zero by Lemma [4.201 below. The 
fifth and the sixth lines are zero by Lemma l4.20l Hence we have 0(xniax) = w,nax- 
Then ^^(Smax) = is proved. 



'•^i) — '"■1(1) 



Let P and P be the planes in Lic(T^)* defined by the 
normal vectors nj^^^-^ and fi^-^-j respectively. To show njf^^^ = suffices to show 

P n A ^ P n A. By l>Q(Smax) = $q(S^), the intersection of both of lines P n A 
and P n A on A go through the same point ^•a(Smax) = ^q(S^). Hence to show 
P O A ~ P n A, it suffices to show that PDA and PDA are parallel. Since the 
slope of P n A is 

l'^'^"' 1 

(76) E rr^det(«|+i nj R) 

and the slope of P n A is 

l'^'^"' 1 _ 1 1 

(^7) ('^'-r E A^det(nf+, nf p)) - -(-^-^ det («?<,,.?,,,«) ), 
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their difference is by (f74|) and Lemma [4.201 Hence n^i-^ = proved. 

Then the matrix which gives the conjugation of T'^lu^a^ and t'^\ui is the identity, 
because it fixes a plane Lie(G') and a vector njf^^^ — nj/^^^ which is not contained in 
the plane Lie(G). The proof of the former part of Lemma [4. 131 is completed. 

The latter part of Proposition 14.131 follows from the fact that the slopes of 
^'l=i^a{Ll) and uyj|$a(L|) are monotone. Then U^ff^^aiL}) and u'l^\^c.{L^) 
are graphs of convex functions with respect to the first coordinate in A. Hence 
the width of each level set is positive and u''jl\^a{Lj) U u''j^{^aiLf) U $a(Smin) U 
$ct(i?,nax) is the boundary of a convex polyhedron. □ 

Lemma 4.14. Let n — n(2) and n = n'(2) be two covectors in R"^* . Let 

V«(3)/ \n'{3)J 

A be the affine subspace {^t,(2)^ G M^|w(l), t;(2) G K} where r is a nonzero real 

number. Let I be the intersection line of A and the plane defined by n. Let I' be 
the intersection line of A and the plane defined by n' . We define the slope of I by 
^ if a vector (^v^ is parallel to I. Then the difference of the slopes of I and I' is 

H- n{2)i'(2) det(n„' fl)) whcrc R = (o). 

_ /-™(2)\ _ /-rn'(2)\ 

Proof. R X n = rn(i) I and R x n' = rri'(i) ) are parallel to I and I' . Hence 



/ \ 

the difference of the slopes is 

(78) 

-rn(l) -rn'(l) _ n(l)n'(2) - n'(l)n(2) _ 1 / 1 ^_ \ 

m'(2) " n(2)n'(2) " r V n(2)n'(2) " «' ^ ) J ■ 

□ 

Lemma 4.15. Let (M, a) be a b- dimensional K-contact orbifold. Let T, be a closed 
orbit of the Reeb flow. Assume that we have an a-preserving T^-action t on an 
open neighborhood WofT.. We denote the contact moment map for r by defined 
on W . We fix an element Y of ljie{T^) . Let Li and L2 be two K-contact manifolds 
such that Lj n W consists of points with nontrivial isotropy group of t and contains 
S. Let Uj be the primitive vector in Lie(T'^) whose infinitesimal action generates 
the identity component of the isotropy group of t at Lj D W. Then we have 

(79) det(ni n2 F - 'l„(S)(F)i?) = 

where <I>a(E)(y) is the coupling of Y with the value o/$ct o,t 5]. 

Proof. Since $„(S)(y - $„(E)(F)i?) = 0, the function a{Y - $„(S)(F)i?) on M 
is on E. Hence Y - $a(E)(F)i? is tangent to kera on E. Then Y - $„(S)(F)i? 
vanishes on S. Since {ni, 712} is a basis of the subspace of Lie(T'^) consisting of the 
vectors whose infinitesimal actions vanish on S, we have II79I). □ 



Lemma 4.16. Let B be a K-contact submanifold of (M, a) diffeomorphic to a lens 
space. Assume that we have an a-preserving T^-action r on an open neighborhood 
W of B. We denote the contact moment map for t by ^. Let L^ and L^ be two 
K-contact manifolds which consist of points with nontrivial isotropy group of t and 
intersect B. Let be the primitive vector in Lie(T'^) whose infinitesimal action 
generates the identity component of the isotropy group of t at L^ for j — 1 and 2. 
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Let ub be the primitive vector in Lie(r'^) whose infinitesimal action generates the 
identity component of the isotropy group of t at B. Put A = {v ^ Lie(T^)*|t;(i?) = 
1}. We define cones A' and A in Lie(T'^)* by 

(80) A' = {w e Ue(T^)*\v{n^) > 0,v{n'^) > 0,t)(nB) < 0} 
and 

(81) A^{ve Lie(T^)* \v{n^) > 0, v{n^) > 0}. 

Then there exist a 5-dimensional K-contact orbifold {U,I3) and a (3-preserving Tr- 
action a on U such that 

(i) the image of the contact moment map ^I' of {U,[3) for a contains A' n A 
and 

(ii) (J7 — ^'""'^(A'), /3|[/_^-i(A')) is isomorphic to {V ~ B,a\v-B) as K-contact 
manifolds for an open neighborhood V of B in M . 

Proof. Let be the subspace of Lie(T'^)* defined by nj for j = and 2. Applying 
the Delzant construction for A'-contact manifolds in Theorem 5.1 of to A n A, 
we have a 5-dimensional AT-contact orbifold (M, a) of rank 2 with an a-preserving 
T'^-action with the contact moment map $ such that 

(i) the image of $ is A n A and 

(ii) M-$"'(Q0nQ2) 

is a smooth manifold. 
Take a small open neighborhood W of A' in A. We show that ($ ^(VF), a|$-i(w)) 
satisfies the desired conditions on {U, j3). ($ {W) ,a\-^-i f^^^) satisfies the condition 
(i) by the construction. 

By Lemma 4.9 and Proposition 5.2 of [TH^, two 5-dimensional X-contact toric 
manifolds are isomorphic if the images of the contact moment maps are the same 
convex subsets of Lie(r'^)*. Since the images of the contact moment maps of 
($ {W - A'), and ($^^(W^) - B,a\^-i(w)~B) are the same and 



— 1 , 



convex, we have an isomorphism / from ($ (VK— A'), Q^I$-1(vi/_a')) *° 



-B, Q!|$-i(vv)_b). Hence ($ (VK) — i?, satisfies the condition (ii). □ 

Lemma 4.17. We use the notation in the assumption of Lemma \4-16\ We fix 
an element Y o/Lie(G'). The linear function on Lie(T'^)* defined by the coupling 
with Y is denoted by tt. Assume that B is the minimal component of the function 

/ d(1) ' 

a{Y) where Y is the infinitesimal action of Y . We assume that A is {\ 1,(2) 



M. \v{l),v{2) G M} where r is a nonzero real number. We assume that the slope of 
is greater than the slope of . We denote the width of $(i?) as a level set of 
n\A by w. Then we have 

(82) -=^(-;^T(^det(n^ HB)iY)R^Y)) 

where v{2) denotes the second component of v in M!^ and ^{B)(Y) is the coupling 
of Y with the value of ^ at B. 

Note that <!> is constant on B. 



36 



HIRAKU NOZAWA 



Proof. Take {U,(3) which satisfies the conditions (i) and (ii) in Lemma [4.161 We 
put P — n A for j = 1 and 2. Let be the subspace of Lic(T^)* defined by 
rij for j = 1 and 2. We put {vq} ^ n n A and E = ^'"^(uo). Then the 

difference of the slopes of and P is ^ (^~ „i(2)n'-^(2) "-^"^^ (""^ -^)) Lemma 

14.141 Hence we have 

(83) ^ = -i(ci,(S)(F)-M.(E)(F))-j^^l5^det(„i R) . 
By Lemma 14.151 we have 

(84) det(ni ^{T,){Y)R) = det {n^ Y) . 

By (IS21) and we have ([Ml)- □ 

We prepare some notation for lens spaces which will be used in the following two 
lemmas. Let tq be an effective S'^-actions on x {0} defined by 

(85) to-{x,y,0) = {x,toy,0). 
Let Ti be an S'^-actions on x {1} defined by 

(86) h-{x,y,l) = {tPx,tly,l) 

for a pair of coprime integer (p, q). We put N = (T^ x [0, 1])/ ~, where {zi,ui) ~ 
{z2,U2) if ui = U2 = j and [(zi,ui)] = [(2:2,^2)] in (T^ x {j})/Tj for j = or 1. For 
a pair of coprime integers {p, (7), let r be a Z/pZ- action on defined by 

(87) ^(zl,z2) = (^^l,^'22) 

for ^ in Z/pZ where {x,y) is the standard coordinate on and we regard Z/pZ 
as a subgroup of the group of complex numbers of absolute value 1. We identify 
L(p, q) = S^/t with N by the map induced from /: S^/t — > x [0, 1] defined by 
/(zi,Z2) = (arg(zi)^', arg(zi)'' arg Z2, \zi\) on the complement of the singular orbits 
of T. 

For a group G", a subgroup G" of G" and a topological space ^ with a G"- 
action, G" Xq" A denotes the quotient of G" x A by the G"'-action defined by 
g" . {g'^x) = {g'g\ {g")-^ ■ x) for g' in G", g" in G" and a; in A. 

Lemma 4.18. Assume that the minimal component B of ^ is diffeomorphic to a 
lens space. Assume that we have an a-preserving T^-action t near B. Let H he a 
level set of <i> sufficiently close to B . Let Li and L2 be two K -contact manifolds 
which intersect B and consist of points with nontrivial isotropy group of t near B. 
We put kj = I{p,Lj) for j — 1 and 2. Let Uj be the primitive vector in Lie(T'^) 
whose infinitesimal action generates the isotropy group of t at Lj for j — 1 and 2. 
Take {U,(3) which satisfies the conditions (i) and (ii) in Lemma \4.16\ Let he 
the suhspace of Lie(r'^)* defined by Uj for j ~ 1 and 2. We put {vq} — H n A 
and S = "^^^{vq). Let pi be an S^-suhaction of p such that the restriction of the 
infinitesimal action of pi is a positive multiple of the Reeh vector field of (3 on E. 
We fix an -action p^ of p so that the product of p\ and p2 is equal to p. We fix 
a transverse orientation of orbits of p in H as Subsection ^.1 (See comments after 
Lemma \4.5^ . Then we have 

(88) e{p2,H/pi) = -^det{ni n2 Y) 
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where Y is the element o/Lie(T'^) whose infinitesimal action generates pi. If B is 
the maximal component of $ diffeomorphic to a lens space and H is a level set of 
$ sufficiently close to B, then we have 

(89) e{p2,H/pi)=--^det{ni n2 F) 

where Y is the element ofhie{T^) whose infinitesimal action generates pi. 

Proof. H is the boundary of a T'^-invariant tubular neighborhood of E. Hence H is 
a fiber bundle over S^. A fiber F in _ff is diffeomorphic to a lens space. By the slice 
theorem for orbifolds (Proposition 2.3 of [21]), H is T-^-equivariantly diffeomorphic 
to Xj^sF where T| is the isotropy group of the T'^-action t at E. By Lemma 3.13 
of [18], r| is connected. Hence is isomorphic to T^. tq denotes the T'^-action 
on X F induced from the T'^-action on x T"^ x [0, 1] defined by 

(90) {si, 82,83) ■ {C,x,y,u) = {siC,S2X,S3y,u). 

We will show that Xrps F is T'^-equivariantly diffeomorphic to S*^ x F with 

the T^-action tq. The T^-equivariant diffeomorphism type of a lens space L with 

a T^-action is determined by the isotropy groups at two singular orbits by the 

slice theorem. In fact, L is a union of two tubular neighborhoods Xrp2 

^1 

and Xrp2 where the isotropy group of the T^-action on L{p,q) at a 

singular orbit Sj for j = 1 and 2. Since every T^-equi variant diffeomorphism on 
d{T'^ Xrp2 D"^) can be T^-equivariantly extended to x the T^-equivariant 

S2 ^2 

diffeomorphism type of (T^ X J.2 D'^)\J{T'^ Xqp2 Z?^) is determined by T| and • 

^1^2 12 

The vectors in Lie(r^) corresponding to the isotropy groups at two singular orbits 
in F is written as (J) and (q) for a pair of coprimc integers {p,q) such that p is 
positive with respect to an identification of with . Then F with the action 
of is T^-equivariantly diffeomorphic to L{p, q) with T^-action induced from the 
T^-action on x [0, 1] defined by 

(91) (s2, S3) • (x, y, t) = (532;, Say, u). 

Then we have a T^-equivariant diffeomorphism F — > L{p,q). {1} x F is a T^- 
invariant transversal of a free iS^-subaction of r in H. Similarly, {1} x L{p,q) 
is a T^-invariant transversal of a free S'^-subaction of tq. Hence Xrps F with 
T^-action r is T'^-equivariantly diffeomorphic to x L{p, q) with T'^-action tq. 

Hence we can assume that H = x L(p, q) and that r is the T^^-action induced 
from the T^-action on S"^ x x [0, 1] defined by 

(92) (si,S2,S3) • {C,x,y,u) = (siC, S2a;, Ssy, u). 
Then pi is written as 

(93) ti ■ {c,x,y,u) = {t'i°c,tTx.tTy,u) 

and p2 is written as 

(94) t2 ■ {C,x,y,u) ^ {tl^C^tl^x^tl^y^u) 

for a positive integer ao and some integers oi, 02, bo, bi and 62- 
We will show 

(95) — pao — det (ni n2 Y) . 



38 



HIRAKU NOZAWA 



Let UB be the vector in Lie(T^) corresponding to the isotropy group Tg of t at B. 
By a theorem of Thornton [27] (See Theorem l5.4l in this paper), if B is diffeomorphic 
to L{p',q'), then H is diffeomorphic to x L{p",q') for some integer p" which 
divides p' . Hence B is diffeomorphic to L{ep,q) for some positive integer e. We 
have ep = — det (ni n2 ns) by Lemma 15.61 Hence (j95p is equivalent to 

(96) det (ni n2 qotib + eY) = 0. 

{ni, 712} is a basis of the subspace of Lie(T'^) consisting vectors whose infinitesimal 
actions vanish on E. Note that the actions on S induced from an S'^-action on 
51 X r2 X [0, 1] defined by 

(97) t-iC,x,y,u) = ir°Ct"''x,r-y,u) 
is written as 

(98) t • C = t^-'^C- 

We denote the action of the isotropy group of t of S by tb ■ To show , it suffices 
to show that tb is induced from the S'^-action on x T'^ x [0, 1] defined by 

(99) t-{C,x,y,u)^it--C,t-'x,t-'y,u) 

for some integers ci and C2. We assume that tb is induced from the S'^-action on 
S"! X T2 X [0, 1] defined by 

(100) t ■ (C, X, y, u) = {t'«C, t'^x, t'-y, u). 

To show |co| — |e|, we show that B = H/tb is diffeomorphic to L{\co\p,q') for 

some q'. Since tb\z/\co\z fixes the first S'^-component and acts on the L{p,q)- 

component freely, H j {tb\z/\co\'l) is diffeomorphic to S*^ x L{\co\p,q') for some q' , 

and we have H/tb = (S"^ x L{p,q))/TB = {{S^ x L{p, q)) / {tb\z/\co\z)) /tb = {S^ x 

{L{p,q)/{TB\i/\co\z))/TB- Since tb\z/\co\i acts freely on the first S'^-component of 

•5^ x(L(p,g)/(TB|z/|cg|z)), the injection/,: ^(p, 9)/(tb|z/|co|z) — > ("S*^ x (L(p, g)/(ri3|z/|co|z))/TB 

defined by l{z) — [{l^z)] is a diffeomorphism. Hence H/tb is diffeomorphic to 

i(|co|p, g') for some q' . Hence we have |co| = |e|. We show that cq = — e. The 

restriction of the infinitesimal action of pi to S is a positive multiple of the Reeb 

vector field by the assumption. On the other hand, the infinitesimal action Yb of 

Tb to S is a negative multiple of the Reeb vector field. Then the signature of oq 

and Co are different. Since ao is positive, co is negative. Since e is positive, we have 

Co — ~e. Hence and ([55)1 are proved. 

We prove Lemma 14.181 in a way similar to the proof of Lemma 14.51 Let pi and 
P2 be iS^-actions on x L{p, q) induced from the S'-'^-actions on x T'^ x [0, 1] 
defined by 

(101) ti ■ {^,Wi,W2,u) = {ti^,Wi,W2,u) 

and 

(102) t2 ■ {twi,W2,u) = (i^°^,t^°^i-''^^"u;i,<^°^^"''^^"w2,ti) 

respectively. Let r be a Z/aoZ-action on xL{p, q) induced from the Z/aoZ-action 
on 51 X r2 X [0, 1] defined by 

(103) s ■ {C,wi,W2,u) = (s^, s"''iwi,s~°"u;2,it) 

for s in Z/aoZ where we identify Z/aoZ with a subgroup of the complex numbers 
with absolute values 1. We identify {S^ x L{p,q))/T with 5'^ x L{p,q) by the map 
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induced from f : x x [0,1] — > x x [0,1] defined by f{^,wi,W2,u) = 
{S,'^" ,^'^^wi,^°'^W2,u). Then pi induces pi on {S^ x L{p,q))/T. p2 induces an S^- 
action P2° on {S^ x L{p, q))/T wliicli is defined by 

(104) h ■ (C, X, y, = (C'^C, t^'^x, e^^'^y, u). 

Hence the effective 5^-action on (5^ x L{p,q))/T induced from p2 is p2- 

The cardinahty of the isotropy group of the ^^-action on {S^ x L{p,q))/pi in- 
duced from p2 is GCD(|ao&i — ai&oL \o-o^2 — a2&o|)- Since the cardinahty of the 
isotropy group of the S^-action on (5*^ x L{p,q))/pi induced from p2 is 1 by the 
effectiveness of p, the cardinahty of the isotropy group of the S'^-action on (5^ x 
L{p,q))/pi induced from P2° is flQ. Hence S'^-manifold {{S^ x L{p,q)) / pi, p^") is 
equivariantly diffeomorphic to the quotient of the 5'^-manifold {{S^ xL{p, q))/ pi, P2) 
by the Z//Z-subaction of p2 where / = GCD(|aofci-aXl>ob2-a.bo|) ' % (ESD, we have 

(105) e{p2, (51 X L{p, q))lh) = e(p2, {S^ xL{p, q))/pi). 

GCD(|aobi-aibo|,|aoh2-a2fcol) 

Since (S*^ x L{p,q))/pi = L{p,q) and the Euler number of the S^-action on 
L{p, q) induced from the S'^-action on x [0, 1] defined by 

(106) t-{x,y)^{s"''x,s"'-y) 

for a pair of integers {mi, 1112) is _ p^^p(I™iI'I™2I) i^y Lemma [4.191 we have 



mi{pmi — qm2) 

pGCD(|qo6i - Qibol, |ao&2 - a2&o|) 
{aoh - aibo){p{aobi - ai&o) - g(ao&2 - 0260)) 



pao 



(107) e{p2,{S'xLip,q))/pi) 
By (fT05)) and ITOTl) . we have 

{108) e{p2AS'^L{p,q))/pi) - ( u ,^ ( u u 

(aoOi - ai&o)(p(aoOi - ai^o) - g(ao02 - 0260)) 

Note that ki = |ao6i — ai^oj and /c2 = |p(ao&i ~ ai&o) ~ 9(10^2 ~ a2&o)|- Since B 
is a minimal component of $, the signatures of a^hi — aifog and p{aobi — aibo) — 
q{aQb2 — a2foo) are the same as in the case of (j47l) and we have 

(109) kik2 = {aobi - ai6o)(p(aofci - ai6o) - 9(0062 -~ a26o))- 

By dMl) and pUS)) . we have ([Ml)- The proof of §^ is similar. □ 

Lemma 4.19. Let a be an S^-subaction of a T^-action on L{p, q) induced from an 
-action on x [0, 1] defined by 

(110) i-(x,y,u) = (r^x,r^y,u) 
for a pair of integers (mi, 7712). Then we have 

pGCD(|mi|,|m2|) 



(111) e{a,L{p,q)) = ^i . 

mi(pmi — qm2) 

Proof. We define an S'^-action a on by 

(112) i.(zi,Z2) = (f"^Zi,iP"^-«™=Z2). 

Then a induces an S'^-action pa on N which is induced from the 5^-action on 

X [0, 1] which is the product of the trivial action on [0, 1] and the S'^-action 
on the T^-component defined by 

(113) i-(x,2/) = (iP"^x,iP"^y). 
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Hence the effective S'^-action on L(ji, q) induced from a is a. 

The cardinaUty of the isotropy group of the iS^-action a on S'^ is GCD(|mi |, \pmi — 
(77712!). The cardinahty of the isotropy group of the action on L{p, q) isp GCD(|r7ii |, |?Ti2|)- 
Hence S'^-manifold {L{p, q), a^) is equivariantly diffeomorphic to the quotient of the 
^i-manifold {S\a) by the Z/ZZ-subaction of d where I = GCD^jSKi-^'ll) " 
(l25ll. we have 



(114) e(a, ^3) ^ _^_l____e(a, L{p, q)). 

GCD(|mi|,|pmi — gm2|) 

Since (5^ x S^)/di — and the Euler number of the S'^-action on defined by 

(115) t-(zi,02) = (s"^^i,s'"^;22) 



GCD(|mi|,|m2|) 

uy ijciiiiiicx 1:1^ V 

GCD(|mi|, \pmi - 97712! 



is - ^^"(l"!!-!"'^!) b Lemma Ha we have 

mim2 *^ ' * 



(116) e(ao,5'^) = - , , 

mi[pmi — 97712) 

Then PTT|) follows from pil)l and piB)) . □ 

Lemma 4.20. FFe Mse f/ie notation in the proof of Proposition \4-13\ Under the 
condition (ii) of Proposition \J. 12\ we have 



(117) 



^^-^det(772 2) y)+^det(77| 77? Y) 



for every Y in Lie(G) and 
(118) 

■ det (772 2) ^Ki) ^0) + ^ det (77^ nj Xq) 



P — W 

'^((2) 1(1) 



-E,. ^"^r?"^ det (77^^, 77^ R)=0. 



Proof. If Binin is diffeomorphic to a lens space, then we take (C/, /?) which satisfies 
the conditions (i) and (ii) of Lemma [4.161 for B = -Bmin. we use the notation of 
Lemma [4.161 substituting i?min to B. Let be the subspace of Lie(r'^)* defined 
by Uj for j = 1 and 2. We put {vq} ^Q^DQ'^DA and Emin = 'I'^H^o). We define 
Emax in a way similarly to E^in if ^min is diffeomorphic to a lens space. We put 
il — {Y G Lie(G)! the restriction of the infinitesimal action of Y to Emin, Emax 
or each closed orbit of the Reeb flow in M is a positive multiple of R.}. To show 
(|117p for every Y in Lie(G'), it suffices to show (jll7l) for an element Y of fi, since 
the both sides of (|117[) is linear and fl contains a basis of Lie(G). We have 

(119) I{a,^l) = det (nl^.nlY) 
and 

(120) /(cr,E2) -det("?+i F) 

for Y in il. In fact, /(ct, E^) is equal to the number of intersection points of the 
isotropy group of E^ and the S'^-subgroup corresponding to a in T^. The right 
hand sides of (|119p and (|120p are equal to the number of intersection points of the 
isotropy group of E^ and the S'^-subgroup corresponding to cr in T^, since {77^, 77^+ 
is a Z-basis of the Lie algebra of the isotropy group of E^ . Note that the condition 
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Y is an element of 57 determines the sign of the determinants in the right hand 
sides of ([TTOl) and 

If both of Bniin ^nd i?max are of dimension 1, pi7p for Y in fl fohows from 
equations (|119p , (|120p and Lemmas 14. 6[ 14.81 If Bmin or i?max is diffcomorphic to a 
lens space, then (|117p for Y in follows from equations ()119|) . ()120|) and Lemmas 

The equation (jllSp follows from (|117p and Lemma l4.15l In fact, applying Lemma 
14.151 to each term of the left hand side of (|118p . we obtain 
(121) 



'(2) 



l^det(nf^2^ "i(i) ^o)+^det(ni n? Xq) - E^„ 



^ , det (n^, 



5^det(n2 2) Xq) + ^ det (n} ^o) - det « 

Then the right hand side of ([^1]) is zero by substituting Y = to (|117p . □ 



(jg denotes the S'^-action on the annulus [0, 1] x defined by the principal action 
on the S'^-component. We call ao the standard S'^-action on [0, 1] x S^. 

Lemma 4.21. Assume that the conditions (i) and (ii) in Proposition \4-lS\ are 
satisfied. Let and he two chains in {M, a). Assume that there is no nontrivial 
chain except and . Let V be an open neighborhood of U U -Bmin U -Bmax 
and an a-preserving T^-action t on V. Assume that the image of the contact 
moment map $ of (V,a\v) for r is an open neighborhood of the boundary of a 
convex polygon in a 2-dimensional affine subspace ofhie{T^)*. Then there exist a t- 
invariant open neighborhood W o/C^UC^Ui?ininU-Bmax in V o,Tid a diffeomorphism 

f : M — W > [0, 1] X [0, to] X for some positive number tg which satisfies the 

following: 

(i) the -action p associated with a is conjugated by f to the product of the 
trivial action on [0, 1] x [0,to] the principal action on , 

(ii) the T^-action t on V — W is conjugated by f to a T'^-action on an open 
neighborhood U of the boundary of [0, 1] x [0, ig] x which is the product 
of the trivial action on [0, 1] x [0, to] o,'>T'd the standard action on and 

(iii) the level sets of $ is mapped to the level sets of the projection [0, 1] x 
[0,to]xT^ -^[0,to]. 

Proof. We fix a Riemannian metric g on M so that g is invariant under p on M 
and invariant under r on an open neig hborhood V of U U B,„in U B,„ax in V. 
We take a value xq of $ sufficiently close to $(i?min)- We put 

(122) H = ^-^{xo) - S 

for a sufficiently small open tubular neighborhood S of (C^ U C^) n ^~^{xq) in 
$~^(a;o). Then M — V is contained in Uo<t<tj,'!/'t(^) for some tg where {-^t} is 
the gradient flow of <i> with respect to g. We put W — Uo<t<t' ipt{H) . We will 
construct / by modifying the gradient flow of $. 

We will modify g so that the norm of the gradient vector fleld of $ is 1 on W. 
We put a Riemannian metric gi on M so that 



(123) gi 



g on (R gradg $)-L (g) (R grad^ $)^ 

g(grad $, grad $)g on (Rgrad $) (g) (Rgrad $) 
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is satisfied on W. Note that gi is a metric, since grad^ $ is nowhere vanishing 
on W. We show gi(gradg^ $,gradg^ $) = 1. We can put grad^^ $ = fcgradg$ 
for a smooth nonnegative function k on M. We have gi(gradg^ $, grad^^^ <&) — 
kgi{gra.dg^ $, grad^ $) = A:fi$(gradg <&) = ^^(gradj, $, grad^ <i>) by the definition of 
the gradient vector fields. Hence we have 

qi(grad„ $,grad„ 
(124) k — gi '° 91 ^ 

5(gradg$,gradg$) 

On the other hand, we have 

gi(gradg^ gradg^ $) = ff(gradg $, grad^ $).g(gradg^ $, grad^^ $) 



(125) 

by the definition of gi . Hence we have 



91 

= g(grad $, grad <^)k^g{gTad grad $) 



51 (grad $,grad $) 

(126) k = -^^ - 

5(gradg$,gradg$) 

Then we have gi{gva.dg^ i>,gradgj $) = 1 by (fTM)) and 

The gradient flow of $ with respect to gi maps the intersection of W and level sets 
of $ to the intersection of W and level sets of $, since (grad^^ $)$ = (i<i>(gradgj^ $) = 
5i(gradgi $,gradg^ $) = 1. 

Since the contact moment maps are submersions on the union of the free orbits 
of the toric actions by Lemma l3.18i $| v-(ciuC2u-B„i„us„iax) ^ submersion whose 
fibers are the orbits of r. Hence we have a diffeomorphism (j>: H — > [0, 1] x 
which is T'^-equivariant with respect to t and the principal T'^-action on the second 
component of [0, 1] x T^. We identify H with [0, 1] x by 4>. Then we have a 
diffeomorphism x defined by 

.1^7^ X- Uo<t<toAiH) — > [0,1] X [0,to] xT3 

^ ' ^ (t,S,Cl,C2,C3) 

where (s, Cii C2, Ca) is the standard coordinate on [0, 1] x T^, {ipt} is the gradient flow 
of $ with respect to gi and to is taken so that M — V is contained in Uo<t<to^t{H) . 
Since g is p-invariant, p commutes with the gradient flow {"(At}- Hence x is T"^- 
equivariant with respect to p and the principal T^-action on the T^-component 
of [0,1] X [0,to] X 5^ X . Since g is r-invariant on an open neighborhood of 
C"'^ U C^, T commutes with the gradient flow {"0*}- Hence x is T'^-equivariant on 
X-i({(t,s,Ci,C2,C3) e [0,l]x[0,io]xT3|0 < s < ro,l-ro < s < 1}) for some m with 
respect to r and the principal T'^-action on the T'^-component of [0, 1] x [0, to] x T"^. 
Hence the T^-action x° P° on [0, 1] x {0, to} x is the principal T^-action to 
the T^-component of [0, 1] x [0,to] xT^ = [0, 1] x [0,to] x x T^. The restriction 
of the T^-action x o r o x^^ on an open neighborhood of [0, 1] x {0, to} x is the 
principal T^-action on the T^-component. 

We put D = ([0,1] X [0, to] X T^)Ip- 't induces an S'^-action t on an open 
neighborhood of the boundary of D. We show that r extends to D. By the 
construction of (71, the level sets of $ is mapped to the level sets of the second 
projection [0,1] x [0,to] x — > [0,to]- Since the level sets of $ is preserved by 
T, r preserves the level sets of the map v\vip'- ^Ip — * [0: ^0] where p is the map 
induced from the second projection [0, 1] x [0,to] x — > [0,to]. The level sets of 
p: D — > [0,to] are annuli. The coordinate on D induced from the coordinate of 
[0, 1] X [0, to] X gives a diffeomorphism from each level set of p to [0, 1] x S"^. t is 
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the standard rotation with respect to the coordinate induced from the coordinate 
of [0,1] X [0, to] X on each level set of p near the boundary. Choose a small 
positive number e so that t is defined on two level sets p~^(e) and p~^(to — e) of 
p. Since these S'^-actions on p~^(e) and p~^(to — e) are induced from the principal 
T^-action on the principal T^-bundle on the unit interval, they are isomorphic to 
the standard S'^-action do on the annulus [0, 1] x 5^. We fix diffeomorphisms 

(128) ff. p-\t)^ [0,1] 

which are 5 ^-equi variant with respect to and ctq for t = e and to — e. Let S be 

a positive number which satisfies S + e < ^. By Lemma B.2 of [TB], there exists an 
isotopy {/*}e<t<e+a connecting to f^+s — id[o,i]xsi in the diffeomorphism group 
of the annulus defined by a smooth map Fi: p~^{[e,e + S]) — > [0, 1] x such 
that ft is a rotation on the S'^-component of each level set p^^{t) diffeomorphic 
to an annulus near the boundary for each e < t < e + S. Similarly by Lemma 
B.2 of |16J, there exists an isotopy connecting ft„-e-s — id[o,i]xSi to ft„-e in the 
diffeomorphism group of the annulus defined by a smooth map F2 : p~^{[to — e — 
d,to — e]) — > [0, 1] X such that ft is a rotation on the S'^-component of each 
level set p~^(t) diffeomorphic to an annulus near the boundary for each to — e — (5 < 
t < to — €. Then we can extend r to an S^-action ri on D by defining 



(129) ri|p-i(,) = { 



P2^\p-Ht) o CTo o -^"21^-1(4) to-e-S<t<to-e 

ao e + S<t<tQ — e — d 

■PT^Ip-Mt) ° ^0 o ^ilp-i(t) e<t<e + S 

\j\p-i(t) 0<t<e. 

Note that ri coincides with t on an open neighborhood of the boundary of D, 
since every element in the isotopy {ft}e<t<e+s and {ft}to-e-s<t<to-e is a rotation 
on the 5^-component of each level set p^^{t) diffeomorphic to an annulus near the 
boundary. 

We will show that there exists a T'^-action ri on M which satisfies the following 
conditions: 

(a) : Ti commutes with p, 

(b) : Ti is an extension of r and 

(c) : $ is constant on each orbit of ti. 

To show the existence of ti, it suffices to show that the T'^-action X ° ° X^^ 
defined on an open neighborhood of the boundary of [0, 1] x [0, to] x extends to 
[0, 1] X [0, to] X so that the extension commutes with x ° P ° X^^ and induces 
Ti on D. Let Z he a vector field on D generating ti. Let tt be the projection 
[0, 1] X [0, to] X r3 — > ([0, 1] X [0, to] X T3)/x o p o x~^. TT is the trivial T^.bundle 
over D. Let a be the 5^-action on [0, 1] x [0,to] x defined by the principal 5^- 
action on the first S'^-component of [0, 1] x [0, to] x = [q, 1] x [0, to] xS^xS^xS^. 
Then a induces ti on an open neighborhood of the boundary of D. We take a vector 
field Z on [0, 1] x [0, to] x so that the following conditions are satisfied: 

(i) Z is invariant hy x° P ° X~^j 

(ii) -KifZ = Z and 

(iii) Z coincides with an infinitesimal action of a on an open neighborhood of 
the boundary of [0, 1] x [0,to] x T^. 
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For each 5^-orbit 7 of Ti in D, Z defines a flat principal T^-connection of 7r|^-i(^). 
Integrating Z, we have a holonomy of the flat bundle 7r|7r-i(7) along 7 which is a 
left multiplication of an element m{'y) of T^. Since we have a smooth map defined 

by 

(130) ^/^^ - f , 

71 — > m(7). 

If 7 is sufficiently close to the boundary of D/ti, we have m(7) = 6^2 where 6^2 is 
the unit clement of T^, since Z generates an S'-'^-action fj on 7r~^(7). Note that Z 
generates an ^^-action on 7r~^(7) which induces ti on D if and only if m{j) = 6^2 . 
£> is a trivial S^-bundle over [0, 1] x [0, to]- We fix an S'^-equivariant diffeomorphism 
h: D — > [0, 1] X [0,to] X S^. h induces a diffeomorphism h: D/Ti — > [0, 1] x [0, fo]. 
Since 7r2(T^) = 0, we have a smooth map 

(131) g:([0,l]x[0,fo])x[0,l]-^r2 

such that 9|([o,i]x[o.to])x{o} = fno h and the restriction of q on an open neigh- 
borhood of the boundary of ([0, 1] x [0, to]) x [0, 1] is the constant map to Ct^. We 
put q{u,v,6) = {q2{u,v,6),q3{u,v,9)). We take smooth functions q'j on ([0,1] x 
[0,io]) X [0,1] so that 



'2 



(132) / qj{u,v,r])dr] ^ qj{u,v,0) 

Jo 

for j = 2 and 3. Then q'j induces a smooth map 

(133) qj: {[0,l]x[0,to])x 

on ([0,1] X [0,to]) X 51 = ([0,1] X [0,to]) x [0,l]/{{u,v) x {0} - (w,«) x {1}) for 
j = 2 and 3, since q is constant near the boundary of D. We define a vector field 
on [0, 1] X [0, to] X T3 by 

(134) ^i(«,t,Ci,C2,C3) = ^ - 92 o h-\s,t, C^)— - q'^ o h-\s,t, Ci)j-, 

where (s, t, Ci) C2, Cs) is the standard coordinate of [0, 1] x [0, to] x . Since q'j = 
on an open neighborhood of the boundary of [0, 1] x [0,fo] x T^, Zi = Z there. 
For each orbit 7 of r, let mi (7) be the element of whose left multiplication 
map is the holonomy map of the flat connection given by Zi on 7r|jr-i(7)- Since 
^1(7) = '^(7) — q° h~^{l) = by the construction of we have mi (7) = 6^2. 
Hence Zi generates an 5^-action which commutes with x°P°X~^ and is an extension 
of a. 

Let Ti be the T'^-action on M which satisfies the above conditions (a), (b) and 
(c) in the third paragraph of the proof. We take a metric g' on M which is obtained 
by averaging gi by ri. Then g'(gradg/ $,gradg/ $) = 1 is satisfied. Let be the 
gradient flow of $ with respect to g' . Then we have a diffeomorphism x' defined 

by 

....x X': ^o<t<MH) [0,1] X [0,io] xT3 

^ ^ V'Ks,Cl,C2,C3) ^ (t,S,Cl,C2,C3). 

Since g' is invariant under n, the desired conditions for / is satisfied by x'. □ 
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Lemma 4.22. We denote the principal T'^-action on the T'^ -component of [0, 1] x 
[0, to] X by T. Let a be a K-contact form of rank 2 on [0, 1] x [0, to] x T"^ which 
satisfies the following conditions: 

(i) the -action p associated with a is the product of the trivial action on 
[0, 1] x [Q,to] X and the principal action on , 

(ii) there exists a r-invariant open neighborhood U of the boundary of [0, 1] x 
[0,<o] X aiT-d T preserves a\u, 

(iii) [0, 1] X {i} X is a level set of the contact moment map for p for each t 
in [0, to] and 

(iv) the image of U by the contact moment map for t is an open neighbor- 



hood of the boundary in a convex subset in a 2-dimensional affine space in 



Then we have an a-preserving -action f on [0,1] x [0,to] x which coincides 
with T on an open neighborhood of the boundary. 

Proof. We put A = {v € Lie(T'^)* = 1}. We fix a 1-dimensional affine sub- 
space 5 of A so that A = 5® ker(7r|^) where tt is the restriction map Lie(r^)* — > 
Lie(G')*. Let $: U — * S © ker(7i"|yi) be the contact moment map for r. Let 
$: [0, 1] X [0, to] X — > S be the contact moment map for p. We have $(x) = 
{*^{x),'^{x)) for some map ^ : [0,1] x [0,to] x — > ker(7r|^) and every x in U. 
By the conditions (i) and (ii), ^ and $ can be written as ^{x^y) = $(a;) and 
^(a;,y) ~ "^{x) for x in [0,1] x [0,to] and y in . Since $ is a submersion by 
Lemma |3.18[ d^ A d^ is nowhere vanishing on U. By the conditions (iii), (iv) 
and Lemma below, we can extend ^E* to [0, 1] x [0,to] x so that d<i> A is 
nowhere vanishing on [0, 1] x [0, tg]. We extend $ by $(a;, y) — (<&(a;), ^'(a;)) for x 
in [0,1] X [0,to] and y in . 



We take a r-invariant 1-form (3 on [0, 1] x [0, to] xT'^ which satisfies /3|t/' = a\u' for 
an open neighborhood U' of the boundary of [0, 1] x [0, to] x T"^ and /3(F) — ^(Y) 
for every element Y of Lie(T'^), where Y is the infinitesimal action of Y , in the 
following way: Let F be the vector bundle on [0, 1] x [0,to] x defined by the 
kernel of the differential map of the projection [0, 1] x [0, to] x T"^ — > [0, 1] x [0, to]. 
The equation (iiY) = ^{Y) for every element Y of Lie(T'^) determines a r-invariant 
element /3o of C°°{F*). We take an inverse image (3i of (3q by the restriction map 
C°°(T*([0, 1] X [0,to] X T^)) — . C°°{F*). By averaging /3i by r, we obtain [3 which 
satisfies the conditions. 

We show that /? is a /C-contact form whose Reeb vector field is R. By (3{R) — 1 
and LuP = 0, we have 

(136) L{R)dl3 = 0. 

Hence it suffices to show that /? is a contact form. Take a point x on [0, 1] x 
[0,to] X T'\ Fix infinitesimal actions Yi and Y2 of r such that {Rx:Yix:Y2x} is 
linearly independent. Since $ is a submersion, d{l3{Yi)) A d{[j{Y2)) is nowhere van- 
ishing. Hence there exists a vector Zix and Z2X in T^M such that d{P{Yix)){Z2x) = 



0, d{P{Y2x)){Zix) = 0, d{(3{Y^x)){Zix) and d{l3{Y2x)){Z2x) are nonzero. Since 
dl3{Yjx,Zkx) = -d{l3{Yjx))(Zkx) by = 0, we have 



Lie(T3)*. 



(137) 



d(5{Yjx,Zkx)i^Q 
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if j = A; and 



(138) 



) = 



if j 7^ k. Since Yi^ and are tangent to an orbit of r, we have 



(139) 



d/3(yi,,y2.) = 



by Lemma \2A\ By equations (fT36)) . (fT37| . (fT38)l and 1139)) . we have /3 A d/3 A 
d/3(ii',,yi,,y2.,Zi„Z2,) = -d/3(yi,,Zi,)d/3(y2.,^2.). Hence /? A d/3 A is 
nowhere vanishing and (3 is contact. 

We show that ([0, 1] x [0, to] x T^, a) and ([0, 1] x [0, h] x T^, (3) are isomorphic by 
a diffeomorphism whose restriction to an open neighborhood of the boundary is the 
identity. We put a* = (1 — t)a + t(3 for t in [0, 1]. Since the Reeb vector fields and 
the contact moment maps of a and f3 are the same, dat induces a symplectic form 
on TM/M.R by Proposition 13. 161 (i). Then kerat is a p-invariant contact structure 
for every t. Then by the equivariant version of Gray's theorem [14], kera and ker/? 
are isomorphic by a p-equivariant diffeomorphism / whose restriction to an open 
neighborhood of the boundary is the identity. By the p-equivariance of /, we have 
— R. Hence we have = a. 

By conjugating r by /, we have a T'^-action f which satisfies the desired condi- 
tions. □ 

Lemma 4.23. Let ^ be a second projection [0,1] x [0,to] — > [0,to]- Let be a 
smooth function defined on an open neighborhood U of the boundary o/[0, 1] x [0, to]. 
Assume that 

(i) d$ A d'^ is nowhere vanishing on U and 

(ii) the image o/ ($ x : U — > is an open neighborhood of the boundary 



Then there exists a smooth function '^i on [0, 1] x [0, to] such that 

(i) d$ A d'^i is nowhere vanishing on [0, 1] x [0,to] and 

(ii) coincides with ^ on an open neighborhood of the boundary of [0, 1] x 



Proof. Note that the assumptions (i) and (ii) imply that is monotone increasing 
on each level set of We define a positive function F on [/ by F{x) = inf{\l/(l) — 
^(x), ^(x) — ^(0), to — ^{x), ^{x)}. For a positive real number e, we define D{e) = 
{x e U\F{x) < e}. D{e) is an open neighborhood of the boundary of [0, 1] x [0, io] 
by the assumption. We take a real number eo so that -D(2eo) is contained in U . For 
X in [0, 1] X [O,to]j Ist X- and x+ be two points which satisfy the following: 



(i) $(a;) = ¥(a;_), ^(a;) = '^{x+), 

(ii) '^{x^) = e-l-W(O) and 

(iii) '^{x+) = *(1) - e. 

Let p be the first projection defined on [0, 1] x [0, t^]. We define a function ^Pq on 
([0,l]x [O,io])-i?(eo)by 



of a convex subset in M^. 



[0,to]. 



(140) ^-0(2;) = (1 



P{x+) -p{x) 



p{x+) -p{x) 
Pi.x+) -p{x-) 



(2e + *(0)). 
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Then ^'q is smooth and monotone increasing on each level set of <&. Let & be a 
smooth function on M>o which is monotone increasing and satisfies 



(141) b{t) 



< t < ^§a 

5eo ^ , 
3 - ''■ 



We extend F to [0, 1] x [0^<o] defining F{x) = 2eo for x in ([0, 1] x [0,to]) - U. We 
define a smooth function 'I'l on [0, 1] x [0, to] by 

(142) Wi(a;) = (1 - b{F{x)))'^ + b{F{x))Wo. 

Then is smooth and monotone increasing on each level set of $. Since ^'i 
coincides with on D{e), satisfies the desired conditions. □ 

We show Proposition 14. 121 

Proof. Take two chains C^, in (M, a) so that there is no nontrivial chain except 
and . By Lemma 14.131 we have an a-preserving T'^-action t on an open 
neighborhood of U U Smin U Bmax. By Lemma [4.211 there exist an open 
neighborhood W oi U U Smin U Smax whose closure is contained in V and 
a diffeomorphism / : M — W — > [0,1] x [0, to] x such that the if -contact form 
(/-i)*a on [0, 1] X [0,to] x and the T^-action f'^orofon f{V f] {M - W)) 
satisfy the assumption of Lemma 14.221 Then we have an a-preserving T'^-action on 
M by Lemma □ 



5. Contact blowing up for 5-dimensional if-coNTACT manifolds 

We give the definition of contact blowing up and down for 5-dimensional K- 
contact manifolds as special cases of contact cuts defined by Lerman jl7j . 

5.1. Contact blowing up along a closed orbit of the Reeb flow. We define 
the contact blowing up along a closed orbit of the Reeb flow. Let (Af, a) be a closed 
5-dimensional if-contact manifold of rank 2. We denote the T^-action associated 
with a by p. Take a closed orbit E of the Reeb flow of a. 

By Lemma l8.11[ we have an a-preserving T'^-action t on an open neighborhood 
of S. Let a be an iS^-subaction of t which satisfies 

(i) {x £ M\a{X) — 0} is the boundary of an open tubular neighborhood U 
of E where X is the vector field generating a and 

(ii) a acts freely on {x e M\a{X) — 0}. 

Then we can define a smooth structure and a if -contact structure on (M — t/) U 
{{dU)/a) by Lerman [TT]- 

Definition 5.1. (Contact blowing up along a closed orbit of the Reeb flow) We 
call the operation to obtain the K -contact manifold {M — U) U {(dU)/a^ from M 
the contact blowing up along S. We call the inverse operation the contact blowing 
down along {dU)/a to E. 

We describe the contact blowing up in the case where the isotropy group of p at 
E is connected. In this case, the expression of normal forms is simple. In general 
cases, we have to take a finite covering of E to write a by coordinates. 

By Lemma 18.211 there exists a p-invariant tubular neighborhood U such that 
{U,a\u) is isomorphic to {S^ x D*,ao) defined as follows: 
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ao is the contact form on x Df defined by 
(143) 

l-Ai(mi|zi|2 + m2|z2|2) ^ - , ^ , V^, 



ao = r d( H —{zidzi - zidzi) H —{z2dz2 - Z2dz2), 

AQ 2 2 

where (mi,TO2) is a pair of coprime integers, Ao and Ai are some real numbers 
which are linearly independent over Q. 

For positive numbers ri,r2 greater than e^^, we define 



(144) 



K,r2 = {i^Z2) e C2|ri|zi|2 + r2|z2p < 1} 



If we define a vector field on x S^^ by 

(145) ^ d d d d 

X = Ao^+(Aimi-ri zi-—) + (\im2-r2)V^(z2-^ ^2-^ 

oC ^ /V ozi ozi / V / V dz2 OZ2 

then the fiow a generated by X has the following properties: 

(i) (ker 

Q^o)|sixS^ is invariant under cr, 

(ii) the orbits of a are tangent to (kerQ;o)|5ixs3 j 

(iii) a commutes with p, 

(iv) every orbit of a is closed if and only if and are rational, 
and 

(v) if every orbit of a is closed, then X generates a free S'^-action if and only if 
GCD(ao, ai) = 1 and GCD(ao, 02) = 1, where ao is the least common mul- 
tiple of the denominators of '^^"^^t^^^ ^^ThT^' '^2 are integers 
defined by 

AiTOi - ri AiTO2-r2 

(146) ai = ao r , 02 oq . 

Ao Ao 

X is characterized by the first two properties among vector fields which are linear 
with respect to the standard coordinate. Assume that the latter conditions in (iv) 
and (v) are satisfied. Then we have a smooth structure and a iiT-contact structure 
on {M - (51 X I?.^^,^J)/cr by Lerman [17] • 

Note that {S-^ x S'j?^ r2)/'^ ^ ^'^^^ space with two new closed orbits of the 
Reeb fiow. The number of the closed orbits of the Reeb flow increases by 1 by 
this operation. Figure [3] shows the change of the graph of isotropy data when we 
perform contact blowing up along a closed orbit S of the Reeb flow. 

Figure [4] shows the change of the image of contact moment map for the standard 
T^-action on x with a standard i^-contact form when we perform contact 
blowing up along x {0}. Note that the image of the contact moment map for a 
T^-action on a 5-dimensional contact toric manifold is contained in a 2-dimensional 
affine subspace of Lie(T'^)* (See Subsection 13. 5p . Figure S] is the picture in the 
2-dimensional affine space. 



5.2. Contact blowing up along a ii'-contact lens space. We define contact 
blowing up along a lens space. Let (M, a) be a closed 5-dimensional i^-contact 
manifold of rank 2. We denote the T^-action associated with a by p. Let L be a 
i<'-contact submanifold of {M, a) diffeomorphic to a lens space. 
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Figure 3. Contact blowing up along E. 




(148) 

Figure 4. Contact blowing up x D"^ along x {0}. 

By Lemina [8.12[ there exist an open neighborhood U of L and an (a|[/)-preserving 
T^-action r on U. Let a be an S'^-subaction of r which satisfies the following con- 
ditions: 

(i) {x E AI\a{X) — 0} is the boundary of an open tubular neighborhood U 
of E where X is the infinitesimal action of a and 

(ii) a acts freely on {x e M\a{X) — 0}. 

Then we can define a smooth structure and a X-contact structure on {M — [/) U 
((9C/)/cr) by Lerman [17]. 

Definition 5.2. (Contact blowing up along a K-contact lens space) We call the 
operation to obtain a K-contact manifold {M — U)U ((9C/)/it) from M the contact 
blowing up along L. We call the inverse operation the contact blowing down along 
{dU)/a to L. 

The number of the closed orbits of the Reeb flow does not change in this opera- 
tion. Note that we can always perform contact blowing down along any if-contact 
lens space to some if-contact lens space. The situation is different from the contact 
blowing down along a iC-contact lens space to a closed orbit of the Reeb flow as we 
will see the next subsection. 

When we perform contact blowing up along lens spaces, the underlying graph of 
the graph of isotropy data does not change, but the attached data change. 

Figure[5]shows the change of the image of contact moment map for a T'^-action on 
an open neighborhood of a i^-contact lens space when we perform contact blowing 
up along the X-contact lens space. Note again that the image of the contact moment 
map for a T^-action on a contact toric manifold is contained in a 2-dimensional 
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(149) 

Figure 5. Contact blowing up along a i^-contact lens space. 

afEne subspace of Lie(T'^)* (See Subsection 13. 5p and Figure [5] is the picture in the 
2-diniensional affine subspace. 

5.3. Conditions to perform contact blowing down along a lens space to 
a closed orbit of the Reeb flow. Let (M, a) be a 5-dimensional i^T-contact 
manifold of rank 2 and L be a if-contact submanifold of {M, a) diffeomorphic to 
a lens space. We denote the torus action associated with a by p. We present two 
conditions under which we can perform contact blowing down along L to a closed 
orbit of the Reeb flow. 

The first condition is a topological characterization which follows directly from 
the normal form theorem of i^T-contact submanifolds. The second condition is a 
sufficient condition in terms of the cardinality of the isotropy group of p. Note that 
the Euler class of the normal bundle of L is well-defined since the normal bundle 
has a symplectic structure induced from da. 

Lemma 5.3. The fallowings are equivalent: 

(i) There exist a K -contact manifold {M,a) of rank 2 and a closed orbit S 
of the Reeb flow on {M, a) such that {M, a) is obtained by the contact 
blowing up along T, to L from (M,a). 

(ii) The total space of the normal S^-bundle of L in M is diffeomorphic to 
51 X S\ 

(iii) The Euler class of the normal -bundle of L in M is a generator of 
H^{L;Z). 

Proof. The proof of (ii) from (i) is clear, since the boundary of a tubular neighbor- 
hood of S in AI is diffeomorphic to x S^. 

The equivalence of (ii) and (iii) follows from the following theorem of Thorn- 
ton : Let L{p,q) be the lens space of type (p, g). Note that H'^{L{p,q)-,I,) is 
isomorphic to Z/pZ and GCD(p, e) is well-defined for e in H^{L{p, g); Z). 

Theorem 5.4 (Thornton [27j). The total space N of the principal S^-bundle 
over L{p,q) with the Euler class e in H'^[L{p,q): 'Z,) is homeomorphic to x 
L(GCD(p, e), g). Hence N is homeomorphic to x S'^ if and only if the Euler 
class is a generator of H'^{L(p,q);'L). 

We show (i) from (iii). Assume that the Euler class of the normal S'^-bundle of 
L in M is a generator of H^{L;Z). By Lemma [8.121 there exists an a-preserving 
T^^-action r on an open neighborhood W of L. Let and be two gradient 
manifolds whose closures intersect L and are smooth near L. We put = L. 
Let be the primitive vector in Lie(T'^) whose infinitesimal action generates the 
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isotropy group of r at for j = 0, 1 and 2. Let A ^ {v e Lie(r^)*|u(i?) = 1}. Let 
$c be the contact moment map for r. Then V ~ $q,(?7) is an open neighborhood 
of n A in A n A where A is the cone defined by 

(150) A = {w e Lie(T3)* > 0, v{j?) > 0, v{n^) > 0} 

and is the face of A defined by the normal vector for i = 0, 1 and 2. We 
define the cones A' and A in Lie(T^)* by 

(151) A' = {w e Lie(r^)* |i;(n°) > 0, v{n^) >Q,v{n^)< 0} 
and 

(152) A^{ve Lie(T^)* |w(n") > 0, ^(n^) > 0}. 

By Lemma [4.161 '^e have a iiT-contact orbifold {U,a) and an a-preserving T'^- 
action a on U such that 

(a) : the image of the contact moment map $ for a contains A' and 

(b) : {U — <1>^^(A'), d|^j_^_i(^,-,) is isomorphic to {U — B,a\u-B) as K- 
contact manifolds, where U is an open neighborhood of i? in M. 

By (iii) and Lemma lOl there exists a vector v in Lie(r^) J such that det {n° v) = 

1. Hence {U,a) is a smooth manifold, since the image of the contact moment map 
satisfies the Delzant condition. We obtain a X-contact manifold (M, a) by attach- 
ing {M—L,a\M-L) to (C/,a) by the isomorphism between ([/— $~-^(A'), (5| jj_^_i(^,j) 
and {U — B, a\u-B)- Let S be the closed orbit of the Reeb fiow of a defined by 
S = <l>"i(F° n F^). We can obtain An A from A n A' by cutting off a triangle 
An {A — A') containing the vertex An F'^ D F^. A contact blowing up along S 
results the same change of the image of the contact moment maps A n A from 
An A'. Hence (Af, a) is obtained from (M, a) by performing a contact blowing up 
along E. □ 

We give a sufficient condition for a gradient lens space to be blown down to a 
closed orbit of the Reeb flow in terms of the cardinality of the isotropy groups of 
p. Let be a gradient manifold of (Af , a) whose closure is a smooth submanifold 
N of M. We denote the a-limit set of and the w-limit set of by and S^, 
respectively. Let be the gradient manifold other than whose closure contains 
I]° and is smooth near E'^. Let be the gradient manifold other than whose 
closure contains and is smooth near T,^. We put fc-' = I{L^ , p) for j = 0, 1 and 

2. For a topological group H, an if-action r on a set A and a r-invariant subset B 
of A, we denote the cardinality of the kernel of H — > Aut(_B) by /(r, B). 

Lemma 5.5. There exist a K -contact manifold (Af, a) of rank 2 and a closed orbit 
S of the Reeb flow on (Af, a) such that (Af , a) is obtained by the contact blowing 
up along T, from {M,a) if one of the following holds: 

(i) I{p,L^) = I{p,L^) = 1 and the closure of is equal to f^max- 

(ii) The closure of L'^ is equal to i^min and I{p,L^) = I{p,L^) = 1. 

Proof. Assume that the condition (i) is satisfied. By Lemma l5.31 it suffices to prove 
that the Euler class of the normal bundle of iV is a generator of H^{N; Z). We put 
k3 = I{p,L^) for j = and 1. 

We have an a-preserving T'^-action r on an open neighborhood of N by Lemma 
18.121 A generic orbit of r in A^ is diffeomorphic to T^. Let C be a T^-orbit of r 
in N. Then by the classification of contact toric 3-manifolds by Lerman [TB], C 
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divides N into two solid tori. We obtain a Heegaard decomposition of TV of genus 
1 which is invariant under t such that C is the boundary of two sohd tori. Cutting 
the total space E of the normal bundle of N along the union of fibers over C, we 
have a r-invariant decomposition of E defined by 

(153) E^{S^xD\xR'^U^{S^xD^)ixM.'^ 
such that r is written as 

(154) t-{C,zi,Z2) = {li{t)U{{t)ziA{t)z2) 

on [S^ X dD^)j X R-^ for every t in where Iq , and are homomorphisms from 
toS'i for j = Oand 1. The attaching map i : {S^xdD^)oxR^ — > {S^xdD^)ixR^ 
is written as 

(155) i(C,^i,^2) = iCzlCztC"4°^2) 

with respect to the standard coordinates. Note that the map Aq : {S^ x dD^)o — > 
(51 X dD^)i defined by 

(156) AoiCz^)^{C4,Czf) 

is the attaching map of the Heegaard decomposition of Nq of genus 1 . The deter- 
minant of Aq is — 1. Since p is a T^-subaction of t, p is written as 

(157) (i,o,t,i) • (0,^,1,^,2) = igMCj^t^i^izjut^i^qz,,) 

We put 



on (S*^ X dD^)j X K.^ with respect to the standard coordinate for j — and 1 



f 90 


Po\ 















(158) /i° = det 

We will show = and = 0. By Lemma [8.301 and k!^ = k} = 1, we have 
I{p,YP) = 1, that is, the isotropy group of p at E° is connected. By (|245p . p is 
written as 

(159) (^007 ^01) ' (Co;^01'^02) = (^OoCoj ^Ol'^Oli '•0l'^02) 

on an open tubular neighborhood of E'^ where (Cq, Zg^, 202) is the coordinate on an 
open tubular neighborhood of E'^ defined by 



(160) 





for some in 1? and some U'^ in GL(2; Z). By (|159p . we have 

rj.a f'^ 0\/l \ go 
' [0 p', v'J [x' C/oj - 1,0 po vo 

for some T° in GL(2;Z) which maps (iooj^oi) to (^00,^01)- h'^ — follows from 

(nm). 

By (|157p . E^ is written as 

(162) (^io'^ii) ■ (Cii ^117^12) = (*io^Ci7 *io *n ^iij *io^*ii^^i2) 

for a coordinate (t'io,^ii) on and integers s'l, q'l, p'l, u[ and v'l. Note that t'n 
generates the identity component of the isotropy group of p at E^. Then we have 

(163) |si|=/(p,Ei) 
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by the definition of /(p, E^). Since = Bmax, the isotropy group of p at fixes 
L^. Hence we can assume that pi = 1 and vi = 0. Then ()162|) is written as 

(164) (^io'^ii) ' (Ci)2ii:^i2) = it'^oCi,tiQtiiZii,t^Q Z12). 

Since the cardinahty of the isotropy group of the T^-action on defined by 

(165) {to, h) ■ (Co, a) = iC'tr^o, c^^ra) 

is equal to |aiia22 — 012021!, we have 

(166) k^ = \si\. 

Hence we have |si| = 1 by the assumption. By |si| = 1 and (|163p . the isotropy 
group of p at E"'^ is connected. By the same argument that proving /i*^, we can show 

By Lemma [8.341 we have 

(fee-a/)fci = -fc2+afc"-6/iO, 
^^^'> (de-cf)k^ = h^ +ck'> ~dh°. 

Substituting = = = and fc^ = fc^ = 1 to (fTeT]) . we have 

(168) be-af = -l,de-cf = 0. 

Hence we have ( / ) = ( ) ■ Hence / is coprime to b. By (j264p and the proof 
of Lemma 15.61 below, / modulo b is the Euler class of the normal bundle of N in 
M. Hence the proof is completed for the case (i). The proof for the case (ii) is 
symmetric. □ 

5.4. Examples of contact toric manifolds. We present examples of 5-dimensional 
contact toric manifolds of rank 2 without a gradient manifold which can be blown 
down to a closed orbit of the Rceb flow. Note that 4-dimensional symplectic mani- 
folds with hamiltonian S'^-actions which are not CP^, Hirzebruch surfaces or ruled 
surfaces always have a gradient two sphere which can be 5'^-equivariantly blown 
down (See [T] and [B]). 

We show a lemma to compute the Euler class of the normal bundle of invariant 
lens spaces in contact toric manifolds by the normal vectors of the corresponding 
good cone: Let (M, a) be a toric 5-dimensional i^-contact manifold and A be the 
corresponding good cone in Lie(r^)*. We identify Lie(T^)* with so that the 
kernel of exp: Lie(T'^) — > is identified with 1? . We denote the element of 
Lie(T'^) whose infinitesimal action is the Reeb vector field of (M, a) by R. 

Lemma 5.6. Let P^, and P^ he three faces of A and assume that P^ is adjacent 
to both of P^ and P^ in A. We denote the primitive normal vector of by 
for i — 1,2 and 3. Assume that det (n^ n'^) is positive. Let L be the lens 

space in M which is the inverse image of the intersection of P^ and the affine 
subspace {v G IR'^|i;(i?) = 1} by the contact moment map for the -action. Then 
the cardinality c of ■ni{L) and the Euler class f of the normal bundle of L in M 
are given by 

6 = det(ni ^2 ^3-) 
^^^^> / = det(ni n3 P) mod 6 

where P is an element of 1? which satisfies det ( P ) = 1 . 
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Proof. We denote the normal bundle of L in M by i^. We fix a Heegaard decom- 
position of genus 1 of L and compute b and / by T'^-equivariantly trivialising ly on 
each solid torus in L. Let E12 and E23 be the singular orbits of the T'^-action 
which are contained in L where the image of by the contact moment map for 
the T^-action is P' D P^ for = (1, 2) and (2, 3). Note that 

(i) the S^-action generated by is the principal S^-action on ly 

(ii) an orbit of the S'^-action generated by is bounded by a disk Di near 
S12 and 

(iii) an orbit of the S'^-action generated by is bounded by a disk D2 near 

^23- 

We can take a Heegaard decomposition L = V1UV2 oi L oi genus 1 so that Di is the 
meridian disk of the solid torus Vi for i = 1 and 2. Then we can trivialize v equivari- 
antly on Vi as follows: Let be an element of Z'^ which satisfies det ( ) = 1. 
Let P be an element of Z'^ which satisfies det {i^ n^) = 1. Then i^jy. is equivari- 
antly isomorphic to {S^ x D^)i x where the T^-action on {S^ x D^)i x is the 
product of the rotation for i = I and 2. Then there exists a tubular neighborhood 
[/ of i in M such that U is diffcomorphic to {{S^ xD^)iX M^) {{S^ x 0^)2 x M^) 
where the identification A: ((5^ x dD^)i x R^) — > {{S^ x dD'^)2 x is written 
as 

(170) A{C,zi,Z2) = {Cz^'^z^'\C4''4'\Czi'^4'') 

where Uij is defined by 

(an ai2 ai^X 
a2i a22 023 ={l^ n3 {I' n") . 

031 032 033/ 

Then the cardinality b of 7ri(L) is the absolute value of ai2 and / is equal to 032 
mod b. Hence Lemma l5.6l is proved by computing the (1, 2)-th and (3, 2)-th entries 
of the right hand side of (fT7T|) . □ 

We will construct good cones corresponding to a contact toric manifold without 
a gradient manifold which can be blown down to a closed orbit of the Reeb flow by 
the method. Note that we treat open cones for simplicity of notation, though the 
image of the moment maps are closed cones with nonempty interior. 

Let {n'^}\^Q be the set of primitive vectors in 1? and define cones A and A' by 

(172) A {w e M^ln' • u > 0,0 < i < fc + 2} 

We put n^^^ = ttF' . We denote the plane defined by by P' for i = 0, 1, • • • , fc + 3. 

We assume that det ( 71^ 71"'" 71^ ) > 0. 

Lemma 5.7. The set of the faces of A is {AnP^}f+(,^ and the pair (KnP\AnP'+^) 
is adjacent in A for i satisfying 0<i<k + 2if and only if det ( )>Q for 

every i and j satisfying < i < k + 2, < j < k + 2 and j ^ i, i + 1. 

Proof. 71* X is tangent to P' n P^ . Hence A n P' and A n P*+i are two adjacent 
faces of A if and only if the following two conditions are true: 

(i) X or — x n*"*"^ is contained in A and 

(ii) n* X is not contained in the planes defined by for any j not equal 
to i nor i + 1. 
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Since 

(173) A^{veR^\n' ■v>0,0<i<k + l}, 

X n'+^ and — x n^'^^ are contained in A if and only if {n^ x n'+^) • > for 
every j and (n* x n^^^)-n^ < for every j, respectively. Since (a x 6) -c ~ det ( a 6 c ), 

X n'"*"^ is not contained in the planes defined by for any j not equal to i nor 
i + 1 if and only if det ( n'+i ) is nonzero for every i and j satisfying j is equal 
to neither i nor i + 1. 

We show the "if" part. Assume that det ( „' „'+i n' ) > for every i and j 
satisfying 0<i<A: + 2, 0<j<fc + 2 and j i, i + 1. Then by the argument in 
the previous paragraph, A n and A n are two adjacent faces of A for every 
i satisfying < i < A: + 2. Since every defines a face of A and cannot define 
two faces of A by the convexity, the set of faces of A is {A D P^y^l^Q- Hence the 
"if" part is proved. 

We show the "only if" part. Assume that the set of the faces of A is (AnP'-j'l^g 
and the pair (A n P', A n P*+^) is adjacent in A for z = 0, 1, • • • , k + 2. By the 
argument in the first paragraph of the proof, for each i, we have det ( ) > 
for every j satisfying j ^ i, i + 1 or det ( ) < for every j satisfying j ^ i, 

i + By the assumption det ( n° ) > 0, we have det ( n° ) > for every j 
satisfying j ^ 0, 1. Since we have det {n^ n°) > 0, we have det ( „j ) > for 
every j satisfying j ^ 1, 2. Inductively we have det ( ri' n^'^^ ri' 1 ) > for every i. 
Hence by the assumption, we have det ( ) > for every i and j satisfying 

< i < k + 2, < j < k + 2 and j ^ i, i + 1. □ 

Lemma 5.8. If {n^}i^Q satisfies the following conditions: 

(i) (nP X n')(3) > for every i satisfying 1 < i < k and 

(ii) (n* X n^~^^){3) > for every i satisfying < i < k — 1, 
then we have (n* x n^)(3) > for every i and j satisfying i < j. 

Proof. We show Lemma TS. 81 bv the induction on k. The case where fc = 2 is clear 
by the assumption. Assume that Lemma 15.81 is true for fc = s — 1. We show 

(174) {n'xn'){3)>0 

for every i < s. Note that {v^ x v^){3) > if and only if detR2 (Triv^) iriv^) ) > 
where tt: — > is the projection defined by ■k{xi,X2,X3) = {xi,X2). By the 
induction hypothesis, we have 

(175) det (ttK) ttK) ) = (n* X n^')(3) > 

for every i and j satisfying i < j < s. By the assumption, wc have 

(176) det(7r(n'') 7r(«=)) = (n" X n'){3) > 0. 

Hence {7r{n^)}f^i is contained in the half space H = {v e R2|detR2 (ttCu") v) >0}. 
Consider linear functions fi on defined by fi{v) — detR2 (iiTr(n*)). Let gi, 172 
be linear functions on M^. Note that for any vectors w^, and in H, if we 
have gi{v^) < 0,gi{v^) = 0,gi{v^) > and 52(1'^) > 0, g2{v^) > 0, then we have 
52(v^) > 0. Since we have f,{v°) > 0, fi{v') = 0, f^iv'-^) > and fsiv°) > 0, 
fsiv''~^) > 0, we have /«(«') > 0. Hence the proof of (|174p is completed. □ 

Lemma 5.9. //{?i*}^^o^ satisfies the following conditions: 
(i) {n^ X ?^*)(3) > for every i satisfying 1 < i < fc + 1, 
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(ii) (ri* X n'+^)(3) > for every i satisfying < i < k and 

(iii) det ( +^ ) > for every i satisfying < i < k — 1, 
then we have 

(i) (n* X n^)(3) > for every i < j and 

(ii) det ( nO > /or ewerj/ h < i < j. 



Proof, (i) follows from Lemma [5.81 We show (ii) by the induction on k. The case 
where A: = 2 is clear by the assumption det ( ^ ) > 0. Assume that Lemma 

5.81 is true for k — s — 1. It suffices to show 



(177) det ( ) > 

for every h and i satisfying h < i < s to complete the induction. 
We show 

(178) det ( n*^ ) > 0. 

for 1 < « < s — 1 by the induction on i. We consider the case where i = s — 1. Note 
that 0.. l-irr,\ n° X n^~^, ^_o„'^^_w„x n'''~^ x n^~^ and —^Trrz-^r^n'^^^ x are 
contained in the 1-dimensional afRne space H ^ {v G M.^\v(3) = l,n'^^^ ■ v — 0}. 
For linear functions g[ and 52 aJ^d vectors w^, and i;"^ in H, if we have 

g[{v^) < 0, g[{v^) = 0, g[{v^) > and g'^iv^) = 0, ^^(i;^) > 0, then we have 
g'2{v^) > 0. Let /* be the linear function on M'^ defined by /*(f ) — ■ v. By (i), 
n°xn*~^(3), n*~^xn*"^(3) and n*"^ xn''(3) are positive. Hence by the assumption, 
we have /-2(_^_i^„o ^ < q, /-2(_^_j_^„.-2 ^ ^ q 

/^-'(;r^-T^n-ixn^) > 0, /0(-,_l^n°xn-i) = 0, /0(_,_J_^^-2 ^ 
n"-i) > 0, we have /°( „,-^^;^,-i(3) »^~^ x n^-^) > 0. Since n"-^ ^ „s-i(3) > q, 
we have (|178p for i = s — 1. 

Assume that (|178p is true for i ^ t. We consider the case of i = t — 1. Note 
that -n — X „ /w^s n^ x and / .,„s n" x are contained in the 

1-dimensional afHne space H ^ {v G M.^\v{i) — \^n^ ■ v — 0}. For linear functions 
g'l and g'2 on and vectors w^, and v^ in if we have gi{v^) > 0, (7i(i'^) = 0, 
g[iv^) < and g'^iv^) = 0, ^^(u^) < 0, then we have ^^(i;^) < 0. By (i), n° x n*(3), 
X n*(3) and n* x n''(3) are positive. By the assumption and the induction 
hypothesis, we have /*( „»xn*-i(3) ^° ^ "'*"^) > 0, /'( „<ixnt(3) "° x n*) = and 
/*-'(;i'Tdl^""x"^) <0^nd /*( „„, J_,^3) n"xn*~i) = 0, /*(,j,^nO xn*) < 0. 
Hence we have /*( nUxn°(3) "° ^ '^^) ^i^^e n° x n''(3) > 0, we have (|178p for 

i = i. Hence (jl78p is true for 1 < i < s — 1. 

We change the coordinate of M.^ by a matrix A in SL(3;Z) so that An^ = ^0^. 

Then {^n'jf^Q satisfies the assumptions of Lemma l5.8l bv (|178p and the assumption 
(iii). Hence we have 

(179) det ( An" An- An' ) = [Au'' X An'){3) > 



for every h and i satisfying h < i < s by Lemma 15.81 The proof is completed. □ 

Lemma 5.10. Let {n''}'^!^^ be a set of primitive vectors in H? which satisfies 
det ( ) > for every i and j satisfying 0<i<k, Q<j<k + 1 and 

j ^ i, i + 1. Then there exists a vector n^^'^ in 1? such that 

(i) det ( n^+i n^ ) > for < j < k and det ( „'=+2 „o „j ) > for 1 < j < 
k + 1 and 
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(ii) There exist vectors I and V in 1? such that det(n'°+^ n'°+^ ;) = 1 and 
det(„'=+2 r) = l. 

Proof. Let be a primitive normal vector of the plane spanned by and such 
that det ( n° n'' v°) > We show that any vector in 1? satisfying = 1 

satisfies the condition (ii). We can assume that = Then we can put 

= ^ ^^"i n^^"^ = ^ 1 ^ where (a% 6*) are coprime integers for i = and fc + 1. 

.... /,o 
If we take integers & and so that a^d^ — — 1 for i — 0, fc + 1 and put I — \ o 

\d° 

and = ^ > we have det ( n^+i „'=+2 ; ) = 1 and det ( „'=+2 ) = 1. 

We show that there exists a vector in Z,^ satisfying • = 1 and the 
condition (i). We define cones Q and Q' in R'^ by 
(180) 

e^{ve K^l det („*=+! vn^)> 0,0 <j < fc,det („ „o n')>0,l<j < k + 1}. 
and 

(181) e' ^{ve M^l det („*=+! t, nO > 0,1 < J < fc,det („ „° n^) > 0,1 < j < k}. 

To show the existence of a vector satisfying • 71^^+^ = 1 and the condition 

(i), it suffices to show that {n G Z^|w° • n = 1} fl O is not empty. To show that 
{n e Z^\v° ■ n ^ l}nQ is not empty, it suffices to show that {n &I?\v° ■n= l}n9' 
is not empty, since {n G Z'^jw" • n = 1} n 9' is a subset of {n e Z'^jw" • n = 1} n 8. 

We show that if {n G Z^\v"-n = 0}n6' is not empty, then {n e Z^\v'^-n = l}n9' 
is not empty. We assume that {n £ Z^\v'^ ■ n = 0} O 9' is not empty. Then there 
exists a sequence of vectors {z/;'};gN in {n £ Z^\v'^ ■ n — 0} O 9' such that the ball 
centered at of radius / is contained in 9', since {n S Z'^|i)° • n = 0} fl 9' is an 
open cone in {n £ 1/^\v^ ■ n = 0}. We take a vector u in Z^ such that ■ u = 1. 
We take a positive integer ig so that > \/u ■ u. Then + u is an element of 
{n G Z3|v° • n = 1} n 9'. Hence {n £ I?\v° ■ n ^ 1} n 9' is not empty. 

Since {n £ I?\v° ■ n ^ 0} n 9' contains + {n G Z^l^o • 71 = 0} n 9' is 

not empty. The proof of Lemma 15. 101 is completed. □ 

Proposition 5.11. For an arbitrarily positive integer k greater than 1, there exists 
a dimensional contact toric manifold with a K-contact form of rank 2 and a 
nontrivial chain C of length k such that we cannot perform a contact blowing down 
along any lens space in C to a closed orbit of the Reeb flow. 

Proof. It suffices to construct a cone A defined by normal vectors {n*}*l|^Q which 
satisfies the following conditions: 

(i) (n° X n^)(3) > for 1 < i < fc + 1, 

(ii) (n* X n*+i)(3) > for < i < fc, 

(iii) det ( „'+i „»+2 ) > for < i < fc - 1, 

(iv) det ( r!'=+2 „j ) > for < j < fc and det ( „'=+2 n° ) > for 1 < j < 
fc + 1, 

(v) there exists a vector in Z^ such that det ( n'+^ i') ~ 1 for < i < fc + 2 
where n''^^ = 
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(vi) If we put 







( ai 


h 


(182) 




Ci 














then Ci and Ci is not coprime for 1 < i < fc — 2. 

In fact, the conditions (i), (ii), (iii) and (iv) imply that det [n^ n^+^ ) > Q for every 
i and j satisfying 0<i<fc + 2,0<j<fc + 2 and j 7^ i, i + 1 by Lemma [5?8l Hence 
by LemmaES the set of the faces of A is {AnP^j^^+g^ and the pair (AnP% AnP*+i) 
is adjacent in A for i = 0, 1, • • • , A; + 2. The condition (iv) imphes that A is good. 
Hence we obtain a contact toric manifold (M, ^) such that the image of the moment 
map of the symplectization is A by the Delzant type construction of Boyer-Galicki 
[8|. If we define the affine space Ahy A = {v & R^-nP + ^/2n''+^) • u = 1}, then 
A determines a Reeb vector field on (M, ^) and hence a ii'-contact form a. The 
rank of (Af, a) is 2 fSee 12.2. 2|) . The condition (v) implies that we cannot perform 
a contact blowing down along any lens space in M which is the inverse image of 
A n P* for i = l,2,---,fcby Lemma [5.31 and [5?B1 Hence the proof of Proposition 
IS.lll is completed. 

First, we construct {n*}*l|rQ^ which satisfies the conditions (i), (ii), (in), (v) and 
(vi). We put 



(183) n° = ,ni = 1 ,^0 = 





Then the conditions (i), (ii) and (v) are satisfied for rfi and tt}. Then conditions 
(iii) and (vi) are trivially satisfied for rfi and . Assume that we have {n*}f^o '^o^' 
s < fc + 1 so that 

(i) {n^ X n*)(3) > for 1 < i < s, 

(h) {n' X n*+i)(3) > for < i < s - 1, 
(ui) det ( „'+2 ) > for < i < s - 2, 

(iv) there exists a vector in such that det ( n' n'+i /• ) = 1 for < i < s — 1, 

(v) If we put 

(184) Z^+i n^+i) = (n^ 

then Ci and Ci is not coprime for < i < s — 2. 

We show that we can take n^^^ and so that {n^}'l^Q satisfies the conditions 
(i), (ii), (iii), (v) and (vi). We put 71"+^ = an""^ +cP^^ + en*. Then the conditions 
(i), (ii), (iii) for {ri*}^Jto satisfied if 

(i) a(nO X n''^){3) + c{n° x + e{n° x n")(3) > 0, 
(ii) aln" X n^-^)(3) + c{n' x > and 

(in) 0. 

If a and c are coprime and c and e are not coprime, we can take integers b, d and 
/ and a vector so that the equation 

(185) {n'+^ P n") = {n"-^ 
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and conditions (v), (vi) are satisfied. We can take such a, c and e as follows: We 
put c = 2. We take a negative odd number a of sufficiently large absolute value so 
that ain" x n"-i)(3) + c(n' x /'"^)(3) > is satisfied. Note that (n* x n^"^)(3) is 
negative by the induction hypothesis. We take a positive even number e sufficiently 
large so that a{n" x n^-i)(3) + c(n° x P"^)(3) + e{n" x n'')(3) > is satisfied. 
Note that {nP x n*)(3) is positive by the induction hypothesis. Hence we can take 
{n^}ii^Q so that the conditions (i), (ii), (iii), (v) and (vi) are satisfied. 
By Lemma [5. 101 we can take so that 

(i) det „'=+2 „j ) > for every j not equal to fc+1, k+2 and det („''+2 „o „j ) > 
for every j not equal to 0, fc + 2, 

(ii) There exist vectors I and I' in Z'^ such that det(n'' n''+^ i) — 1 and 

dct(„'=+i „o ;') = 1. 

Then {n^}ii^Q satisfies the conditions (i), (ii), (iii), (iv), (v) and (vi). □ 

( ' \ 

Example 5.12. We put = i for < i < k + 1 and put n'^+^ = 

1 \ 

1 . Let A be the good cone defined by the normal vectors {n^}ii^Q- We put 
yk + 2j 

A ^ {v e R^Kn" + \/2ri,'=+i) ■ v = 1}. Let {M,a) be the K-contact manifold of 
rank 2 determined by A and A. Then we cannot perform the contact blowing down 
along the K-contact lens space in (A/, a) defined by the inverse image of a face of 
A by the contact moment map to a closed orbit of the Reeb flow. The K-contact 
lens space in {M, a) defined by the inverse images of the face defined by of A by 
the contact moment map is diffeomorphic to RP'^ and has a trivial normal bundle 
in M for 1 < i < k. 

6. Classification up to contact blowing up and down 



We show Theorem 11.31 which gives the classification of 5-dimensional -ftT-contact 
manifolds of rank 2 up to finite times of contact blowing up and down. Theorem 
11.31 is shown by using Proposition 16.41 Lemma 16.61 and Lemma 16.111 at the end of 
this section. 

6.1. Germs of chains. We define germs of chains, which are of combinatorial 
nature and used for the classification of 5-dimensional ii'-contact manifolds of rank 
2. 

Definition 6.1. (Germs of chains) A germ of a chain is an equivalence class of 
connected open neighborhoods of chains in 5-dimensional K-contact manifolds of 
rank 2; An open neighborhood Ui of a chain Ci in a 5-dimensional K-contact 
manifold {Ni, ai) is defined to be equivalent to an open neighborhood U2 of a chain 
C2 in a 5-dimensional K-contact manifold {N2, 012) if there exists an open neighbor- 
hood Vi of Ci inUi and an open neighborhood V2 0/C2 in U2 such that (Vi,ai\vi) 
is isomorphic to (V2, 0:21^2) as K-contact manifolds. 

A germ of a chain is defined to be trivial if it is the germ of a trivial chain. 

Note that the germ of a chain C is determined by combinatorial data of C and 
every germ of chains can be embedded in a contact toric manifold by the normal 
form theorem (See Lemma [8.371 and 18.131) . 
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We define the contact blowing up and down for germs of chains. 

Definition 6.2. (Contact blowing up and down for germs of chains) A germ of a 
chain C is obtained by a contact blowing up from a germ of a chain C if C and C 
can be embedded in K -contact manifolds {N,f3) and (N^P) as chains, respectively, 
and {N, f3) is obtained from {N, [3) by a contact blowing up along a closed orbit of 
the Reeb flow in C . Contact blowing down is defined to be the inverse operation of 
the contact blowing up. 

We define the fiber sum, which is a construction to obtain a if-contact manifold 
from germs of chains and a lens space bundle. 

Definition 6.3. (Fiber sums) Let E be a lens space bundle over a closed surface 
S with a K -contact structure of rank 2 whose fibers are K-contact submanifolds of 
rank 2. Let {C*}™ be germs of chains. Assume that 

(i) has the minimal component and the maximal component of dimension 
3 for each i — \, 2, ■ ■ ■ , m and 

ill) fibers of E and general fibers of C^ are isomorphic as K-contact manifolds. 
Choose m points {x^}^i on S and let be the fiber of E over for 1 < i < m. 
Then we can attach germs of chains U™ j^C" to E ~ (U™ j^-F') and obtain a K- 
contact manifold N of rank 2. We call N the fiber sum of a lens space bundle E 
with {C^}™i. 

Note that lens spaces with a iiT-contact structure of rank 2 are classified by 
the maximal and minimal values of the contact moment map and the element 
corresponding to the Reeb vector field in the Lie algebra of the closure of the 
Reeb flow in the isometry group by the classification of 3-dimensional contact toric 
manifolds by Lerman |18j . 

6.2. Contact blowing up to obtain fiber sums. We show the following Propo- 
sition which is used to show Theorem 11.31 

Proposition 6.4. Let (M , a) be a closed ^-dimensional K-contact manifold of rank 
2. 

(i) // (dimi^iiiin, dimi?,„ax) = (Ijl); {M,a) is isomorphic to the fiber sum of 
a lens space bundle over a closed surface with k germs of chains for some 
k after performing contact blowing up along a closed orbit of the Reeb flow 
twice. 

(ii) //(dim_Bniin,dim_Bmax) = (1)3) or (3,1), (M, a) is isomorphic to the fiber 
sum of a lens space bundle over a closed surface with k germs of chains 
for some k after performing contact blowing up along a closed orbit of the 
Reeb flow once. 

Proposition l6.4l is a consequence of the following Lemmas l6.5l and [6.6l Let (M, a) 
be a closed 5-dimensional if-contact manifold of rank 2. We denote by p the Tr- 
action associated with a. We put $ = a{X) where X is an infinitesimal action of 
p which is not parallel to R. The minimal component and the maximal component 
of $ are denoted by i^min and Bmax- Note that Bmin and Bmax are of dimension 1 
or 3 by Lemma 13.31 

Lemma 6.5. G If B^i^ is of dimension 1, then we can perform a contact blowing 
up along -Bmin so that the new minimal component of the contact moment map is 
of dimension 3. 
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Proof. We show Lemma 16.51 in the case where the isotropy group of p at Bmin is 
connected. General cases are reduced to this case by taking a finite covering of 
a neighborhood of -Bmin by Lemma 18.231 By the argument in Subsection I8.3.2[ 
we have a tubular neighborhood V of i?min such that (V,a|y) is isomorphic to 
(5^ X D^,ao) defined as follows: 

ao is defined by 
(186) 

l-Ai(TOi|0i|2+m2|z2p) 



ao = r dC H —{zidzi - zidzi) H —{z2dz2 - Z2dz2) 

Ao 2 2 

for a pair of coprime integers (mi, 7712) and a pair of real numbers (Ao, Ai) which 
are linearly independent over Q. The T^-action po associated with ao is written as 

(187) [hM) ■ (C^i,z2) = (toC,ir^i'C'^2) 

and the S'^-subaction of {(l,ti)|<i e S*^} is the isotropic action of p at Bmin. Note 

that mi and m2 are nonzero, since -Bmin is of dimension 1. 

We perform a contact blowing up by cutting 5*^ x Z?^ ai U = {(C, zi,Z2) G 
X |ri|zip + r2\z2\'^ — 1} for positive numbers ri and r2 greater than e"^. To 

perform a contact blowing up along -Bmin to obtain a new minimal component of 

dimension 3, it suffices to take real numbers ri and r2 which satisfy the following 

conditions: There exists a real number Nq such that 

(i) A^o ( Aimi-ri J is a vector in Ir' so that the vector field X defined by the 

equation (|145p generates an S'^-action a on U, 

(ii) GCD(iVoAo, A^o(Aimi - ri)) = 1, GCD(iVoAo, Afo(Aim2 - r2)) = 1 are sat- 
isfied so that the S'^-action ct on J7 generated by X is free and 

(iii) -/Vo(AiTOi— ri)TO2— -/Vo(Aim2— r2)mi = is satisfied so that a is asubaction 
of p and hence the new minimal component of the contact moment map 
is of dimension 3. 

Note that the equation in the condition (iii) means p degenerates to an S'^-action 
on the lens space U /a so that U I a becomes a new minimal component. 

We show that for any e there exist ri and r2 which are greater than and 
satisfy the above conditions. We put ri = Imi and r2 = /m2 where I is a real 

/ Ao\ I Xi-L \ 

number. Then the condition (iii) is satisfied. Aimi-ri is tangent to ^0 



Aim2— r2 



mi 



Hence the conditions (i) and (ii) are satisfied, if we can choose I so that is a 
rational number ^ for coprime integers u,v and GCD(ti,TOi) — GCD(i;,TO2) — 1. 
It is possible to choose I so that GCD(w,mi) = GCD(w,m2) — 1 and ri, r2 are 
greater than e^^ for any e. Then ri — Imi and r2 — lm2 satisfy the conditions (i), 
(ii) and (iii). □ 

Lemma 6.6. // both of -Bmin and -Bmax are of dimension 3, then (M, a) is iso- 
morphic to the fiber sum of a lens space bundle over a closed surface with a finite 
number of germs of chains. 

Proof. Let C^, C^, • • • , C™ be nontrivial chains of (Af, a). By Lemma [8.411 there 
exists a metric gs compatible with a on open neighborhoods of Bs respectively such 
that the gradient flow of $ with respect to gs is conjugate to an M-subaction of the 
-action on the normal bundles of Bs defined by a linear complex structure for 
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s — mill and max, respectively. We fix a metric g on M compatible with a so that 
the restriction of g on an open neighborhood of Bs coincides with gs for s = min 
and max, respectively. 

We show that closures of gradient manifolds with respect to g are leaves of a 
smooth foliation of Af — U™ . Since gradient manifolds are orbits of an effective 
(M X T^)-action on M — U™ j^C* — -Bmax — ^min, they are leaves of a smooth foliation 
on M — U™ j^C" — i?rnax " B^in- Near Bs, the closures of gradient manifolds are 
mapped to fibers of the normal bundle of Bg by the construction of g for s = min 
and max, respectively. Hence closures of gradient manifolds with respect to g define 
a smooth foliation on M — U™ j^C*. 

We show that closures of gradient manifolds with respect to g are fibers of a 
proper submersion. It suffices to show that the foliation J- defined by closures of 
gradient manifolds has no nontrivial holonomy. Let _F be a leaf of J- and fix a 
point xq on F. By Lerman's classification, F is diffeomorphic to a lens space and 
the generator of Tri{F,xo) is an orbit of an S'^-subaction of p. Since the isotropy 
group of p at F is trivial, F has no nontrivial holonomy. Hence has no nontrivial 
holonomy. 

The closure of each gradient manifold is a 3-dimensional iiT-contact submanifold 
of rank 2 by Lemmas 13.31 and 13.61 3-dimensional toric if-contact manifolds are 
classified by the element in Lie(T^) corresponding to the Reeb vector field, the 
maximal value and the minimal value of the contact moment map by Lerman [18j . 
Hence they are isomorphic to each other. 

We obtain a lens space bundle E over a closed manifold with a /C-contact form 
by replacing U"1]^C" to trivial germs of chains. Then (M, a) is isomorphic to a fiber 
sum of £: with U™ □ 

6.3. Contact blovifing down in contact toric manifolds. We defined contact 
blowing up and down using local T'^-actions in the previous section. The compu- 
tation is simpler, if we have global T'^-actions. We show a combinatorial lemma 
by using Dirichlet prime number theorem and apply it to perform contact blowing 
down for germs of chains for the proof of Theorem 11.31 

We denote the standard inner product on R"^ by • . We identify R"^ with the dual 
of M.^ by the inner product. 

Lemma 6.7. Let x = (^-^^^ o,n-d y = primitive vectors in 'Z? . Assume 

that there exists a primitive vector z in 1? which satisfies det y = 1. Let Q be 
a nonempty cone in M.^ defined by 

(188) e = {v £ R^\n^ ■ V > 0,n^ ■ V > 0,n^ ■ V < 0} 
for primitive vectors n^,n'^,n^ in H? defined by 

(189) — X X y,n'^ — y X (^o^ ~ x x (^^^ ■ 

Assume that yix^ — xiy^ and yiX2 — xiy2 are nonzero. Then there exists an element 
t = ) 0/ e n such that 

(a) : there exists a primitive vector u in 1? such that det [x t u') ~ \^ 

(b) : GCD(ti,i2) = 1 and GCD(ti,i3) = 1 are satisfied. 
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Proof. We put t = six + S2y + s^z for integers si, S2 and S3. We have 

t ■ n'^ = S3Z ■ {x X y) ^ S3, 
(190) t-n^ ^ six-{yx (^Vj) + S3Z ■ {y x (Vj), 

t -n^ ~ S2y • (x X ( 5 ) ) + ^3^ ■ {x X ^ )■ 

Note that x ■ (y x (0^) = yiX2 — xi?/2- We define e = 1 if yiX2 — Xiy2 is positive 
and e — —1 if 2/12:2 — Xiy2 is negative, t is an element of Q if S3 = 1 and esi and 
es2 are sufficiently large. 

We translate the condition (a) in terms of si,S2 and S3. Define the matrix A 
by A = y Then t satisfies the condition (a) if and only if there exists a 

primitive vector u' in li^ such that det ( a^'-x A^^t u') = 1. Since A^^x = ( ) and 



A = 1^ S2 ^ , the latter condition is equivalent to GCD(s2, S3) = 1. 

Hence t = six + S2y + z satisfies the conditions if esi and es2 are sufficiently 
large and GCD(ti,t2) = 1 and GCD(ti,i3) = 1. 

We take positive integers s° and S2 so that sfxi + Sjj/i is coprime to zi. By the 
assumption, yiX2 — Xiy2 and J/1X3 — xiy^ are nonzero. Hence we have a sufficiently 
large positive integer c such that c{esiXi + es^yi) + zi is equal to a prime number 
q which is coprime to yia;2 — Xiy2 and 2/1X3 — X12/3 by the Dirichlet prime number 
theorem. Then one of 

/ si \ / ces^ \ / ces^ — yi \ / ces^ — 2i 

(191) I S3 j = ^="2 j ' y ces°+^^ j , ce4+2, 

satisfies the required conditions. □ 

Definition 6.8. (Delzant conditions and good cones) We say two primitive vectors 
and in Tl? satisfy the Delzant condition if there exists a vector v in 1? such 

that det(n^ v) = 1. We say two planes defined by primitive normal vectors 
and in 1? satisfy the Delzant condition if and satisfy the Delzant 

condition. A closed cone A in with nonempty interior is a good cone if every 

pair of adjacent planes of A satisfies the Delzant condition (See [1S\). 

We obtain the following by Lemma [67fl 

Lemma 6.9. Let P^,P^,P^ and P^ be planes in M.^ defined by primitive normal 
vectors n^, and in 1? respectively. Assume that P*^ HA, H A, H A 
and P'^n A are four faces of a good cone A so that P*n A and P'"*"^ n A are adjacent 
in A for z = 0, 1 and 2. Let Q be a cone in defined by 

(192) e = {ve R^\{n° xn^)-v>0, {n^ x n^) • -y > 0, (n° x n^) ■ v < 0}. 

Then we have a plane Q defined by a primitive normal vector t in C] 1? such that 
{Q,P'^), {Q,P^) and {Q,P^) satisfy the Delzant condition. 

Proof. Note that two primitive vectors and v"^ satisfy the Delzant condition 
if and only if there exists an element A of SL(3;Z) such that Av^ — (^T^ and 

Av^ — ^ ■ Hence we can assume that = ^ ^ and ~ ( K ) ' ^'^^'^ that we 
have {An° x An^) ■ Av = det ( An" An^ Av) ^ det ln" v) = (n° x n^) ■ v. 

We put X = n^, y = n^. We show that the assumptions of Lemma ETT] are 
satisfied, x and y satisfies the Delzant condition by the assumption. We have 
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yiX3 — xiy3 = (n" x n^) ■ and 2/1X2 — xiy2 = — (n*' x n^) ■ r? . x is a 
vector contained in A. Among the vectors in A, the point v satisfying the equation 
v-rC' = is contained in the face defined by by the convexity of A. Since n° x v} 
is not contained in the face defined by r? nor r? ^ Vix^ — Xiy^ and 2/1X2 — Xiy2 are 
nonzero. Hence the assumptions of Lemma 16.71 are satisfied. 

Hence there exists a vector t = ( *^ ) Q ^'^ which satisfies GCD(ti, = 1, 

GCD(ti,i3) = f and the Delzant condition with n^. Then the plane Q defined by 
t satisfies the Delzant condition with and P^. □ 

We deduce a useful lemma from Lemma 16.91 to perform contact blowing down 
for germs of chains. 

For an open cone A, let A be its closure. Let k be an integer greater than 2. 
Let A be a good cone defined by primitive normal vectors {n^}i^Q in Z'^. We put 
j^fc+i _ j^o^ rpj^g plane defined by is denoted by for < z < A; + 1. We assume 
that the faces n A and P'+i n A are adjacent for < i < /c. Let Ai be the cone 
defined by {n"} U {n^}i=hi for an integer k' greater than 1. 

Lemma 6.10. There exists a plane Q defined by a primitive normal vector I in 1? 
which satisfies the following: 

(i) Q intersects Ai and does not intersect A. 

(ii) {Q,P'^) and {Q,P^) satisfy the Delzant condition. 

(iii) Let A2 he the good cone defined by U {/} U {n^}i^k'- Then the con- 
tact toric manifold corresponding to A2 is obtained from the contact toric 
manifold corresponding to A by a finite sequence of contact blowing down. 

Proof. We show the case where k' — 2. If fc' = 2, our claim directly follows from 
Lemma 1531 In fact, we apply Lemma 1531 bv substituting P°, P^ and P^ to P", P^ 
and P^ in Lemma [6.101 we have a plane Q which satisfies the conditions (i) and (ii). 
Note that we can ignore P^. By the Delzant type construction of Boyer-Galicki 
[8j, we have contact toric manifolds (M, ^) and (M2,^2) such that the images of 
the symplectic moment maps of the symplectizations of (M, ^) and (M2,^2) are A 
and A2 respectively. A2 is obtained from A by attaching a rectangle which is an 
open neighborhood of A2 D Q in A2. We can perform a contact blowing down for 
{M, ^) along the lens space which is the inverse image of A n P^ by the contact 
moment map of {M, so that the image of the contact moment map change from 
A to A2. Then the contact toric manifold obtained after the contact blowing up is 
isomorphic to (Af2,^2) by a result of Lerman 18], since the images of the contact 
moment maps are the same and convex. Hence {M2, ^2) is obtained from (M, ^) by 
a contact blowing up. Q satisfies the condition (iii). 

Assume that Lemma [6. 101 is true for the case of fc' = s — 1. We consider the case 
of fc' ~ s. Applying Lemma 16.91 we can take a plane defined by a primitive 
vector / in such that 

(i) I is contained in the cone Q — {v £ W^\{n^ x n^) ■ I > 0, {n^ x n^) • I > 
0, (n" X n^) • / < 0} and 

(ii) I satisfies the Delzant condition with and respectively. 

Then we have 

(i) intersects Ai, 

(ii) does not intersect A and 
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Figure 6. Contact blowing down. 

(iii) intersects P^,P^ and as in the left picture in Figure [6] satisfying 
the Delzant condition with P^,P^ and P^ respectively. 
Let A3 be the cone defined by normal vectors U {1} U {n'^}^=2- Let A4 
be the cone defined by normal vectors {nP} U {1} U {".'}^=3. By the Delzant type 
construction of Boyer-Galicki [8], we have contact toric manifolds (Af, f), (M2,^2), 
(M3,^3) and (Af4,^4) such that the images of the symplectic moment maps of the 
symplectizations of (M,^), (M2,^2), (^3,^3) and (M4,^4) are A, A2, A3 and A4 
respectively. As in the case where fc = 2, we can show that (Af, ^) is obtained 
from (Af3, ^3) by a contact blowing up. Similarly (Af3, ^3) is obtained from (A/4, ^4) 
by a contact blowing up. By the induction hypothesis, (Af4,^4) is obtained from 
(A/2,C2) by a finite sequence of contact blowing down. Hence (Af2,C2) is obtained 
from {M^ ^) by a finite sequence of contact blowing down. Hence the proof of 
Lemma [6. 101 is completed. □ 

We remark on realization of contact blowing up and down for germs of chains in 
ii'-contact manifolds. We must be careful on realization of desired contact blowing 
up on a germ of a chain of (Af, a) in M . It is because we need a large open 
neighborhood coordinate of closed orbits of the Reeb flow or lens spaces in M 
where the toric contact form is in the normal form, which contains the necessary 
hypersurface. On the contrary, we can realize any desired contact blowing down in 
M. 

6.4. Proof of the classification Theorem [TTSl We show Theorem [L3l as a corol- 
lary of Proposition 16.41 and Lemma l6.11l 

Lemma 6.11. Let C he a germ of a chain. Assume that the maximal component 
and the minimal component of C are of dimension 3. Then we have 

(i) C can be realized as a nontrivial chain in a closed 5-dimensional K -contact 
toric manifold of rank 2. 
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(ii) C is isomorphic to a germ of a chain with one gradient manifold by a finite 
sequence of contact blowing down. 

(iii) Assume that C has only one gradient manifold L. Then we can perform 
contact blowing down along L to obtain a trivial germ of a chain. 

Proof. We show (i). By the assumption, the closure of every gradient manifold 
in C is a smooth submanifold by Lemma [3.61 Let a be the contact form defined 
near the chain of C. By Lemma [8.131 there exists an open neighborhood U of the 
chain and an a-preserving T'^-action r on U. Then we have a contact moment 
map for r from U to Ue{T^)* . Let A be the plane {v € Ue{T^)*\v(R) = 1} 
in Lie(r^)* where R is the element of Lie(T'^) whose infinitesimal action is the 
Reeb vector field of a. The image of $q is contained in A. Let Pmax and Pmin 
be two planes in Lie(T^)* such that the germs of the maximal component and the 
minimal component of C are the inverse images of Pmin H A and Pmax H ^ by 
respectively. Let {P'}™ ^ be the planes in Lie(T^)* such that the inverse images of 
P^nA, P^nA, • • • , P"n A of $0 are the gradient manifolds in C. Bv Lemnia lS.lOl 
we have a plane Q in Lie(r'^)* such that Q intersects Pmax and Pmin satisfying the 
Delzant condition and does not intersect U^^-f* ^- Since we have a good cone 
with faces {Pmin, Pmax, Q} U {P'li" 1 defining a closed contact toric manifold by the 
Delzant type construction theorem of Boyer-Galicki [5] . 

(n) is shown by applying Lemma [6. 101 to the set of planes {Pmin, Pmax}U{P'}™ ^ 
where {P°, P\ • • • , P'=-\ P*^} in Lemma [1301 reads as {Pmin, P\ • • • , P''"\ Pmax}- 

We prove (iii). Let G be the closure of the Reeb flow in the isometry group for a 
compatible metric and p be the G-action associated with a. It suffices to show that 
we can perform contact blowing down along L so that the isotropy group of p at 
the unique gradient manifold of C becomes trivial. We compute the cardinality of 
the isotropy group of the gradient manifolds which we obtain after contact blowing 
down. We identify Lie(T'^) with M.^. Let v'^ be a primitive normal vector defining 
Lie(G). 

Let Q be the plane in Lie(T'^)* defined by a primitive normal vector I. Let Lq be 
the lens space obtained by performing contact blowing down for C along L by the 
plane Q if it is possible. The cardinality of the isotropy group of p at Lq is equal 
to |fo(OI- In fact, since the T'^-action is effective, the cardinality of the isotropy 
group of p at Lq is equal to the number of intersection points of G and the S^- 
subgroup generated by I in T^. This number is equal to |wo(OI- We follow the proof 
of Lemma [5.101 Let P^,P^ and P^ be the three planes in Lie(T'^)* corresponding 
to the germs of the maximal component, the gradient manifold L and the germ of 
the minimal component respectively. Let n* be the primitive normal vector which 
defines P' for i = 1, 2 and 3. We put the cone Q in R'^ by 

(193) e = {u G R3|det(„i v) > 0,det(„2 „3 ,„) > q}. 

If ^ is a vector contained in Q which satisfies the Delzant condition with and 
n^, then we can perform a contact blowing down along L to Lq. To show (iii), it 
suffices to show that n {n G R^|'(;°(n) = 1} is nonempty. By the argument of the 
proof of Lemma [5.10i to show that QO {n E R^|w°(n) = 1} is nonempty, it suffices 
to show that 6 n {n e R3|z;0(n) = 0} is nonempty. 9 n {n e R3|i;"(n) = 0} is 
nonempty, because + is contained in 8 n {n e R"^|f;'^(n) = 0}. Hence (iii) is 
proved. Hence the proof of Lemma 16.111 is completed. □ 
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We show Theorem ll.3l Let (M, a) be a closed 5-dimensional -fC-contact manifold 
of rank 2. 

Proof. If (i) is shown, then (ii) and (iii) are shown by Proposition 16.41 We show 
(i). By Lemma |6.6[ it suffices to show that we can perform contact blowing down 
to the germ of every nontrivial chain of (M, a) to obtain a trivial germ of a chain. 
It is possible by Lemma [6. 11 1 (ii) and (iii). □ 

7. Existence of compatible Sasakian metrics 

In this section, we show Theorem 11.61 which asserts the existence of compatible 
Sasakian metrics for a closed 5-dimensional A'-contact manifold (M, a) of rank 2. 
We define Sasakian metrics. 

Definition 7.1. (Sasakian metrics) A pair [g, a) of a Riemannian metric g on M 
and a contact form a is a Sasakian metric on M if [M x M.yQ^r'^g A- dr ® dr) is 
a Kdhler manifold with Kdhler form dir'^a) where R>o is the set of positive real 
numbers and r is the standard coordinate on R>o 

We refer [15; for Sasakian manifolds and basic terminology for orbifolds used in 
this section. 

We denote the torus action associated with a by p. We put $ = ct{X) where X 
is an infinitesimal action of p which is not parallel to the Reeb vector field R. The 
maximal component and the minimal component of <I> are denoted by iJmax and 
^min respectively. 

Proof of Theorem \1.6\ in the case where both of B-a^ai^ o,nd i?niin are of dimension 
3. Let {C"}™^ be nontrivial chains of (M, a). If (Af, a) has no nontrivial chain, 
then we take a trivial chain as . By Lemma 16.111 (iii), there exist an open 
neighborhood U"^ of C*, an a-preserving T^-action on a contact toric manifold 
(A^*,^*) and a T'^-equivariant embedding F"^: W — > TV* such that F^kera — 
By the Delzant type Theorem of Boyer and Galicki (TV*,^*) has a T'^-invariant 
Sasakian metric (g*,a') such that kera* — Let a\ be the i^T-contact form on 
A''* such that F"a\ = a. Then by a theorem of Takahashi [26], there exists a T^- 
invariant Riemannian metric g\ such that {g\,ce\) is Sasakian. Hence (F" gl, a\(ji) 
is a Sasakian metric on W. 

We have a contact form a' on M such that ker a = ker a' and every orbit of 
the Reeb flow of a' is closed, a' is obtained by changing the Reeb vector field 
to another infinitesimal action of p. By a theorem of Takahashi [26], if we show 
the existence of a Sasakian metric g compatible with a' which is invariant under 
p, we obtain a Sasakian metric compatible with a. We denote the Reeb flow of 
a' by CTq'. We denote the S'^-action on M/aa' induced from p by p. M/ua' is 
an orbifold with the p-invariant symplectic form da' . To construct a p-invariant 
Sasakian metric on M compatible with a', it suffices to construct a p-invariant 
integrable complex structure on M/aa' compatible with da' by Lemma 2 of [55] 
which claims a manifold with a contact form (3 whose Reeb flow has a transverse 
Kahler structure with Kahler form dj3 is Sasakian. 

Since (g',a) is a Sasakian metric, we have a p- invariant Riemannian metric 
on [/* such that {g^,a'\ui) is Sasakian by a theorem of Takahashi [26]. Then we 
have a p-invariant complex structure Ji on U"^ jda' compatible with dcJ by Lemma 
2 of [22] . We show that we have a trivial holomorphic 2-dimensional orbifold bundle 
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structure on — {C^ /ua') whose fibers are quotient of gradient manifolds, where 
is an open neighborhood of /(Ja' in U'^ jua' ■ 
We show that the product of p and the gradient flow defines a holomorphic 
C^-action on ([/* — C')/iTq'. Let X be the infinitesimal action of p. Then the 
gradient flow is generated by JiX by (fT2|) . Since LxJi = 0, it suffices to show 
LjixJi = to show that the holomorphic -action is defined. Note that we have 
[JiY, J^Z] - Ji{[J^Y, Z] + [Y, J^Z]) - [Y, Z] ^ for any vector fields Y and Z on 
{W — C'^)/(Ja' by the integrability of J^. For any vector field Y on ([/* — C^)/aa', 
we have 
(194) 

{LJ^xJ^)Y + {LxJi).hY - {[J,X, .hY] - MJ^X, Y]) + {[X, jfY] - MX, J,Y]) 

= [J,X, J,Y] - M[J,X, Y] + [X, J,Y]) - [X, Y] 
= 0. 

By LxJi = 0, we have Lj.xJi — 0. 

Let T be the holomorphic -action which is the product of p and the gradient 
flow. We will define a map which defines the holomorphic fiber bundle structure 
on — {C^/aa') for an open neighborhood of (C^ joa') in M. Note that the 
Sasakian metric on N"^ is T'^-invariant. Let i? be the element of Lie(T'^) 

which corresponds to the Reeb vector field of a'. We take an infinitesimal action 
Xx of the T^-action so that {FIR is a basis of Lie(T^) where X and 

X\ correspond to X and X\, respectively. Take a small open neighborhood 
of C^/cTa' in V^jdai- The product of the flows generated by X, JX, X\ and 
JX\ defines a local (C^)^-action r(cx)2 on W" . T{ic/-)i commutes with t and is 
holomorphic in the same reason as t. Fix a point on jaa' which is not a 
fixed point of t. Let r^.; be the -action of the identity component of the isotropy 
group of T(cx)2 at x'. We take a transversal of r which satisfies the following 
conditions: 

(i) contains a;*. 

(ii) is a complex submanifold of J/'/ctc,' near and invariant. 

(iii) Tri(z)(T') n is contained in for z in an open neighborhood of 1 in 

We define a map -k^-.W^ - {W' n (S^in U S^ax)) - (CVct^O — > by tt'{x) = 
where xq is the intersection point of and the orbit of r which contains x. tt' is 
holomorphic on — {C^/aa') by definition where is a small open neighborhood 
of in U^aa'- tt* is holomorphic on M^* — (W n (Bmin U Bmax)) — {C^/<Ta'), since 
TT* is written as Tr''{x) — {'n'^\A''-{cya ,)){'''{^o){x)) for any point x in ~ {W^ n 
(Smin U -Bmax)) ^ (C^ I a') whcrc wc take zo so that T(zo)(a;) belongs to A*. Take a 
point X in i?niax H (ly* — C*). Then by Lemma [3^ fv). the closure of the gradient 
manifold whose limit set contains x is smooth. Since tt' is equivariant with respect 
to Tjji, TT* is smooth near x. Hence tt' extends to smoothly. Since tt* is smooth 
on W and holomorphic on a dense subset — {W^ n (Bmin U Bmax)) — [C^ /<^a') 
in VF', TT* is holomorphic on . Note that the set {x £ iy|7r' is holomorphic at 
x} is closed in W^. 

We show that fibers of tt' are isomorphic as complex orbifolds. Let be a fiber 
of TT*. Since F — {F H (iJmin U -Bmax)) is a principal orbit of r, is biholomorphic 
to C^. Let Ji and J2 be two complex structures on F. Then both of {F — 
(F n (Smin U B„iax)), ./i) and (F - (F n (B^in U S^ax)), J2) are isomorphic to . 
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Hence there exists a biholomorphic map H : {F ~ {F D (i?min U i?max)), ^/i) — > 
{F — {F n (i?min U i?max)), J2) ■ Applying the removable singularity theorem to H 
on orbifold charts, H extends to F. Hence (F, Ji) and {F, J2) are biholomorphic. 

Since 7r'|vK'-(W'n(B„i„uB„ax))-(CV<T„,) has a holomorphic section T\ TT''\w'-{W'n{B,^i„uB„,^^))~{cycr^,) 
is a trivial holomorphic principal C^-bundle over — {a;*}. We denote one of the 
fibers of tt* by Fq. We denote the holomorphic trivialization by ■ ~ (W^* ^ 
(B^inUB^ax))-(CVa„0 (T^-{x'})xC^ X* extends tox: VF^-(CVa„') 
(T* — {a;*}) X smoothly, since the trivialization coincides with a smooth trivializa- 
tion of the fiber bundle structure on ([/' — C^)/(Ja' whose fibers are the quotient of 
gradient manifolds by ctq/ on the dense subset VF* — (W^'n(i3minUi?max)) — (C'V^a')- 
Since is holomorphic on the dense subset — {WH (-Bmin U Bmax)) — (CV^a')j 
X* is holomorphic on W\ Hence tt* is a trivial holomorphic i^g-bundlc with fiberwise 

-action by the trivialization x*- 

(M — U™ ]^C*)/(Tq/ has a structure of trivial 2-dimensional orbifold bundle over a 
surface whose fibers are quotient of gradient manifolds by Proposition [^21 We de- 
note the base space by S. p is a fiberwise rotation on (Af — U™ ]^C*)/(Tq.'. We denote 
the restriction of p to Fq by pp^. Fix a triviahzation xo ^ (M — U™jC")/crct/ — > 
S X Fq. Note that the map from to pj^^-equivariant diffeomorphism group 
Diff(F, pp.^) on F defined by the S' -^-action pp^ is a homotopy equivalence. We de- 
note the homotopy inverse Diff (F, p^^ ) — > byp. We can assume that T* — {x*} is 
biholomorphic to D'^ — {0}. Let x* be the map T* — {x*} — > Diff (F, pp^ ) defined by 
x\t){x) = pr2 ox*°Xo ^(^j 2;) for x in Fq and t in where pr2 : (T' — {x'}) x F° — > 
F° is the second projection. Then the rotation number r{i) oi pox' : T* — > 5^ is 
defined. Let x" be a holomorphic trivialization of tt' defined by o x* where 

C'"'^') is the r(«)-times composition of a biholomorphic map C on T* x F° defined by 
C(t, z) = {t, (t){—h'^{t)){z)) where the C^-action is the restriction of on Fq and 
/i* : r* — {x*} — > Z?^ — {0} = is a biholomorphic map. Then the rotation number 
of x'* is zero. Hence we can take a trivialization x'- {M — U™ j^C*)/^^' — > S* x Fq 
such that 

(i) the restriction of x to ii"^i{V' — {C'/aa')) coincides with x'* for some 
open neighborhood V of C/aa' in W and 

(ii) X is iS'^-equi variant with respect to p and an S'^-action on S' x Fq defined 
by the product of the trivial action on the first component and p^^ . 

We extend the complex structures on U™ — C')/(Ta' to a complex structure 
J on (M — U™ jC")/CTa' as a product of complex structures on Fq and 5 using the 
trivialization x- 

We will show that J is an integrable p-invariant complex structure on {M — 
U'^iC) / a a' compatible with da' . The integrability and p-invariance are clear by 
the construction. Since the fibers of (M — U™ ]^C*)/(Tq,' are symplectic and invariant 
under J, the tangent space of (M — U™ ^C*)/cra' at each point is decomposed into 
two 2-dimensional J-invariant symplectic subspaces. Then J is compatible with da' . 
Here a complex structure on a 2-dimensional symplectic linear space is compatible 
with the symplectic structure, if the orientation given by the complex structure 
coincides with the orientation given by the symplectic structure. 

Hence we have an integrable complex structure on the orbifold M / Ga' compatible 
with dcJ and invariant under the S'^-action p induced from p. The proof in the case 
where both of Smax and i?min are of dimension 3 is completed. 
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The proof of Theorem 11.61 in the other cases is completed by Lemmas 17.21 and 



Lemma 7.2. Let T, be a closed orbit of the Reeb flow on (M, a). Let (M, a) be the 
K -contact manifold obtained from (M, a) by performing a contact blowing up along 
S. If there exists a Riemannian metric g on M such that (M,a,g) is a Sasakian 
manifold, then there exists a Riemannian metric g on M such that {M,a,g) is a 
Sasakian manifold. 

We follow the proof of the Enriques-Castelnouvo's theorem (See [6]). 



Proof. Let R be an element of Lie(G) such that the infinitesimal actions of i? on M 
generates an S'^-action whose orbits are transverse to ker a. Then the infinitesimal 
action of R on M generates an S^-action whose orbits are transverse to kcr a. We 
define the 1-form a' on M by a' — }„,-, a where R' is the infinitesimal action 

of R on M . Then a' is a contact form on M whose Reeb vector field is i?' and 
which defines the contact structure ker a. Similarly we define a 1-form a' on M by 
(5 ~ ^ttttQ! where R! is the infinitesimal action of R on M . Then a' is a contact 

a{R') ^ 

form on A/ whose Reeb vector field is R' and which define the contact structure 
ker a. We denote the Reeb fiows of a' and a' by (Tq' and aa' , respectively. We denote 
the r^-actions on M and M associated with a and a by pa and p^, respectively. 
We denote the S'^-actions on M/oa' and Mjoa' induced from pa and pa by p^, 
and , respectively. To prove Lemma 17. 2[ it suffices to show that there exists a 
Pjj-invariant integrable complex structure compatible with da' on the symplectic 
orbifold [M/aa' , da'). In fact, then (M, a') has a Sasakian metric compatible with 
a' by Lemma 2 of [22] . Then by a theorem of Takahashi 26J , (M, a) has a Sasakian 
metric compatible with a. 

Let L be the lens space in M obtained by the contact blowing up along S. L/aa' 
is a weighted projective space (See Godinho 13J). Holomorphic fine orbibundles 
over the weighted projective space L/aa' are classified by the first Chern classes in 
H'^{L/aa';Q). We refer to [53]. For a holomorphic line orbibundle E over L/aa', 
we denote the first Chern class by ci{E). We denote /^/^_, ci{E) by E ■ [L/aa']- 

0{E) denotes the sheaf of sections of a holomorphic line orbibundle E over M/aa'- 
Note that a holomorphic line orbibundle E over L/aa' is positive if and only if 
E ■ [L/aa'] is positive in the sense of Baily [5j as in the case of holomorphic line 
bundles over Riemann surfaces. We denote the holomorphic line orbibundle over 
M/aa' defined by the divisor L/aa' by [L/aa']- 

M is an S'^-orbibundle over M/aa' associated with a positive holomorphic line 
orbibundle over M/aa' (See Theorem 7.1.3 of [lOi)- We denote the line orbibundle 
by i^jQ-. By Baily's theorem [5], there exists a sufficiently large positive integer n 
such that [j^^" is an integer and M/aa' is embedded as a complex orbifold 

into the complex projective space CP^ by the holomorphic map inE^^ defined as 
follows: 

(195) ^ ^1^- - , , , 

X > \sq[x): s\\x): ■■■■.sn\x)\ 

where {si}^Q is a basis of H'^{M/aa',0{nEjyf)). Note that n is chosen so that 
the line orbibundle nEj^j over M/aa' is absolute in the sense of Baily [5] (See also 
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[To]). A line orbibundle E over an orbifold S is absolute if is a topological fiber 
bundle over S. 

We construct a line orbibundle on M/cr^/ which is positive on the complement 
of L/aSi' and whose restriction to L/ua' is trivial. [L/<Ta'] ■ [L/aa'] is equal to 
the Euler number of the S^-action on the quotient of the total space of the 
normal S'^-orbibundle of Ljaa' in M joa' by cr^' by Proposition 2.15 of [13^. Hence 
[L/(T5'] • [L/da/] is a negative rational number. We put 

Since nE£j ■ [L/ua'] is positive by the positivity of Ej^,^, fc is a positive integer. Note 
that for a positive holomorphic line orbibundle E on M/ct^/, -EIl/o--, is positive on 
Ljoa' by definition. 

We show that H^{M jua'^OinEj^j + {{Lja^'X)) = for 1 < z < fc. We have the 
long exact sequence 
(197) 

H\M/a&r,0{nE£^ + (z - l)[i/(75'])) ifi(M/a5'; ^('^E^Af + *[^/^5'])) 



^ H\L/as,,;0{nE£j + i[L/a^,])). 

Since {nEj^j + i[L/aa']) ■ [L/(7a'] ~ — ([L/ct^'] • [L/aa']){k — i) > for 1 < « < fc, we 
have 

(198) H\L/c7a,;0{nE£j+t[L/a^,])) = 

for 1 < « < A: by the Kodaira-Baily vanishing theorem [5]. Hence fi in (|197|) is 
surjective for 1 < i < k. Since 

(199) H\M/<7a,,;0{nEj^j)) = 
by the Kodaira-Baily vanishing theorem ^ , we have 

(200) H\M/as,r,OinE£j+i[L/a,,,]))) = 

for < i < k inductively on i. 

By poop and the exact sequence 
(201) 

H%M/a^,-0{nE£j + i[L/a5.,])) H\L/<7s.,-0{nE£, + z[L/(T5-])) 



H\M/Ga,-0{nEj^^j + l)[Llas,>])), 

f[ is surjective for 1 < i < fc + 1. For 1 < i < fc, we put 

(202) d{i) dimi?0(L/cr£,,;C'(n£;^^ -f i[L/cr5'])) - 1. 

For \ < i < k — 2 and i = k, let {ai.o,ai,i, ■ ■ ■ be a set of elements of 

H°{M/aa';0{nEj^'-j+i[L/aa'])) which is mapped to a basis of H'^{Ll(Jar.O{nE£^ + 

i[L/aa']))- For i = A; - 1, we take {afe_i,o, a/c-i,i> ' ' ' lafe-Ld(fc-i)} as follows: By 

Lemma [7.31 below, there exist elements hk-ifl and hk-i,i of H'^{L/cra';0{nEj^j + 

{k — l)[L/aa'])) such that the divisor on L/aa' defined by bk-i,o is a rational 
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multiple of one of the fixed points of on Ljua' and the divisor on Lja^i defined 
by &fc_i,i is a rational multiple of the other fixed point of p^, on L/ua'- We take 
{afe_i,o,afe-i,i' • • ■ ;afe-i,d(fe-i)} so that /^_i(afe_ij) = bk-i,j for j 0, 1 and 
{afe-i,o,afc-i4' • • • )afe-i,d(fc-i)} is mapped to a H°{L/aa';0{nEj^^j + i[L/aa']))- 
Let s be an element of H^{M /aa';0{[L/(7a']))- Since and [L/aa'] are p^- 
equivariant, we can take Uij and s so that they are p^-equivariant by taking the 
average by . We put 



(203) Eo = nEj^'j + k[L/a. 



Then{s'=so,--- ,s''sAr}U{s'' '0^,0,5'' ^0^,1, • • • , s'' 'a,^a{^)}i=l ahasis of H°{M /<7a']0 (Eo)). 



We define a map 

(204) iEo -.M/a^, CP^' 

by 

(205) 



s 



fc-2 



Since tnBjj is a holomorphic embedding and is nowhere vanishing on the com- 
plement of Ljoa'-i is a holomorphic embedding on the complement of L/a^'. 
Since 



(206) [So|l/.„] • - nE^i - " M L/a^^] • [L/a^'] = 



-E'oIl/ct-; is trivial. Hence the restriction of every section of Eq to Lj a^' is constant. 
Hence iEo{L/(J&') is a point. We put 

(207) {xo} = iBo(i/(T50- 

Moreover we have 

(208) d{k) = 

by the triviality of SoIl/o--/ ■ 

We will show that there exists a symplectic form uj on leo{M / aai) such that 
u} is cohomologous to [Eq] and leo{M /(Ta') has a structure of a complex orbifolds 
whose complex structure is S'^-invariant and compatible with u. 

Let U be an open neighborhood of L/aa' in M/aa' defined by the equation 
o-k.o 7^ 0. On U , we have 
(209) 

s''so{x) s^afc-2.d(fc-2)(a;) safc_i.o(x) sak-i,d{k-i){x) , 
'-So (a;) [ 1-^ ■■ ■ ■ ■ ■■ : ■■ ■ ■ ■ ■■ ——^ : 1 ■ 

We consider functions '""-'f^''^ and ""-^•^'^f on M/a^'. By mB, ""'-'f\''^ and 

'^"'ak'^olx)^ restriction of holomorphic functions on CF^' to leo{M /ua')- 

Since 

(i) ttk-ifi and ak-i,i are not constant on L/cFa', 

(ii) flfe is nonzero constant near L/aa' and 

(iii) s vanishes along L/aa' at degree 1, 
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''"'-^f\^'> and '""'-^•^['^'> vanish along L/an' at degree 1 on M/cr^'- Hence d ( S2±^) 

and d I ^"^"^•'^ j are nonzero elements of the cotangent space of leo {M/aa') at xq. 

Let Dj be the divisor on M/asi' defined by Ofc-ij for j = and 1. Since ak~i.j is 
Pa -equi variant, Dj are -invariant. Since ak-i,o is not constant on L/aa', Dq does 
not contain L/ua' ■ Then Dq contains a p^-invariant complex suborbifold Ci which 
intersects Ljua' ■ Similarly D\ contains a p^-invariant complex suborbifold Cq. By 
the construction of afc_i,o and afc^i.i, Dq n {L/oa') and Di n (L/cts/) are two fixed 
points of Pq on Ljua'- Hence Z?o H {L/oa') and I?i n (L/aa') are disjoint. Since 
Do does not intersect Di near i/cr^/, the kernels of d ^ ^ and c? (^"f^Ty^^ are 
not equal at xq. Then 

(210) d('-^^\ ^d('-^^\ ^0. 

Since Do contains Ci, the restriction of to Ci is zero. Similarly the restric- 

tion of ^"■''-^■'^ to Co is zero. Hence we have 



(211) 



for j = and 1. 

We define a C°° orbifold atlas U on leo{M /ctq') by an orbifold chart x around 
Xq and the orbifold charts of the C°° orbifold atlas I^m/^^, on M/aa' which do 
not contain xq. We define x as follows: Take an orbifold chart {Uj,4>j,rj) of the 
orbifold Cj around a point Cj n (L/aa') for j — and 1. Let be a small open 
neighborhood of xq in ^^^(M/crg/). We define the map ipj : W — > Uj by sending 
each point x in W to a point y in Uj which satisfies ^°'ako{x)^ ^^-^ ~ '^"^a.kltx)^ 
j = Oandl. We define a map 0: W — > (t/o/Lo) x (C/i/Li) by 0(a;) = (V'o(a;), i/'i(a;)) 
for a; in W. By (|21ip . </) is a biholomorphic map into {Uq/Tq) x (C/i/Fi). Since s, 
afe_i_o, flfe-i,! and a^^o are p^z-equivariant, (/> is p^z-equivariant. In particular, (f> is 
a p^'-equivariant homeomorphism into (J/o/Lq) x {Ui/Ti). We change /7o and Ui 
so that (C/o/Lo) x {Ui/Ti) is contained in the image of 4>- Let i/': UqxUi — > be 
the inverse map of (p. We put x — {Uo x C/i, To x Fi, tjj). Then x and the orbifold 
charts in which do not contain xq form a C°° orbifold atlas. 

Since Ufj^^^^ defines a complex structure on M/aa' and ip is a biholomorphic 
map, U defines a complex structure J on leq{M / aa')- Since the restriction of 
holomorphic functions on CP^ to iEa{M / aa') are holomorphic with respect to U, 
J is the complex structure induced from CP^ . Since ip is S'^-equivariant, J is S^- 
invariant. Let 5 be a hypersurface in CP^ defined by 5' = {[^o ^ -^i ^ ■ ■ ■ : zn'] & 
CP^'lzo = 0}. Then the divisor iEa{M / aa') n S* on leq{M /aa') is defined by the 
equation s'^sq = by the definition of leq- Since the line bundle defined by S is the 
dual of the tautological bundle over CP^ , we have /.^^^[wo] = [^-o] in H^^{M/aa') 
where ujq is the symplectic form on CP^ which is compatible with the complex 
structure on CP^ and whose cohomology class is the first Chern class of the dual of 
the tautological bundle over CP^ . Since J is induced from CP^ and the complex 
structure on CP^ is compatible with ojq, J is compatible with i^o^^ (m/o- ,)- 

put UJ^UJo\,^^i^M^„^,y 
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Let V be the open tubular neighborhood of S in M which is cut off in the contact 
blowing up along S to obtain M from M. Then M ~ V is identified with M — L. 
We denote the identification map by 

(212) q:M^V > M - L. 

We denote the tautological map from M /era' to (M/ct^/) by 

(213) n: M/<Ja' ^ iEo{M/aa'). 

We show that there exists an 5 ^-equi variant diffeomorphism / : M/(7a> — > t Eq {^'^ I '^a' ) 
whose restriction to the complement of an open tubular neighborhood of S/ a a' co- 
incides with TT o q. This follows from the argument similar to the last part of the 
proof of Proposition 13.121 We put 

(214) = 
Since 

(i) the orbifold structure groups at xq and xi are isomorphic and 

(ii) the linear actions of on Txg{iE„{M /aa')) and Tx-^{M/aa') are equal, 
by applying the equivariant Darboux theorem [29) to orbifold charts, there exist 
an open neighborhood Vq of xq in LEoiM /ast'), an open neighborhood Vi of xi in 
Mjoa' and an S*^ -equivariant diffeomorphism h: Vq — > V\ such that ^.(xo) = 2^1 
and h*ijj = do! . Let <i>o be the map on Mjua' induced from $. Let <I>i be the 
hamiltonian function on leo{M / asi') for p^. We choose two level sets Hi and 
H2 of $ so that Hi I a a' is contained in Vb and Hi is the boundary of an open 
tubular neighborhood of S containing H\. Note that since they are 5'^-equivariant 
and preserve the symplectic forms, h and vr map the level sets of $0 to the level 
sets of $1. The level sets of $0 between Hi/ a a' and Hijua' are diffeomorphic to 
(5'"'^ X S^)/aa' which is a 3-dimensional orbifold with S'^-action with at most two 
exceptional S'-^-orbits by Lemma [8.241 Then we can isotope /i|_f/i/<T„, to tt'I/z^/o.^, 
as a family of -equivariant diffcomorphisms of {S^ x S^)/aa> by the argument 
in the previous paragraph of the last paragraph of the proof of Proposition 13.121 
Hence there is an 5* ^-equivariant diffeomorphism /: leq^M / Oa') — > M/oa' whose 
restriction to an open tubular neighborhood of iEo{,L/aa') coincides with tt o q. 

By Lemma 17.41 (b) and (c) below, we have 



ir*nda'] = 7r*[da'] = [da'] ~ J^§l|i^[i/^^,] 



Hence we have f*[da'] — ^[a;] by Lemma [7.41 (a). We regard w as a basic 2-form 
on (M, JF'), where T' is the foliation of M defined by the orbits of ctq'. Since [da'] 
is the Euler class of the isometric flow T' on M by the definition of the Euler class, 
the basic cohomology class of the basic 2-form {f^^)*LU is the Euler class of (M, T). 
Hence we have a nonzero constant c and a 1-form /3 on M such that P{R) = 1 and 
df3 = c{f~^)*u} (See [23]). By taking the average of f3 by p, we can assume that 
(3 is invariant by p. Then applying Lemma [7.51 to {M,a') and {M,f3), we have a 
p-equivariant diffeomorphism /i : M — > M such that flp = a' . By pulling back J 
by /o /i, we have a p-invariant integrable complex structure on Al/aa' compatible 
with da' . □ 



FIVE DIMENSIONAL /S'-CONTACT MANIFOLDS OF RANK 2 



75 



Lemma 7.3. Let N be a weighted projective space of complex dimension 1 with 
a holomorphic -action a. Let zq and zi be two fixed points of a. Let E be a 
a-equivariant holomorphic line orbibundle over N whose first Chern class is pos- 
itive. For a point x in N , [x\ denotes the Q-divisor defined by x. There exist 
rational numbers tq and ri such that the divisor [rjZj] defines the holomorphic line 
orbibundle E for j — and 1 . 

Proof. We put 

(216) n = {qo[zo]+qi[zi]\qa,qieQ}. 

il is the space of cr-invariant Q-divisors on N. We put Pic(iV)Q = Pic(-/V) Q, 
where Pic(A^) is the Picard group of N. There is a natural map 

(217) — y Pic(iV)Q 

which corresponds the holomorphic line orbibundle defined by the Q-divisor [z] to 
an element [z] of (See section 3 of [23 ). Let 

(218) c: PiciN)ti H\N;Q) 

be the map which corresponds the first Chern class to a cr-equivariant line orbi- 
bundle. Let s: H^{N; Q) — > Q be the canonical isomorphism. Since E is positive, 
s o c{E) is positive. Since dim _ff-'^(7V; On) = H'^{N; On) = 0, c is an isomorphism. 
Since s and c are isomorphisms, Pic(7V)Q is identified with Q so that E is identified 
with a positive rational number. Hence 4>~^{E) is a 1-dimensional affine subspace 
of ri. Then (j>~^{E) {qj[zj]\qj G Q} is not empty and a singleton for j = and 1. 
We put 

(219) {r,[z,]} = r\E) n {qAzM G Q} 

for j — and 1. Then rj satisfies the desired condition. □ 

Lemma 7.4. Under the notation of the proof of Lemma \7.2\ we have 

(a) : TT induces an injection H^^{{M — V)/aa') — >■ H^^{{M — L)/aai), 

(b) : a diffeomorphism f: M/cTa' — > Mjoa' whose restriction is to an open 
tubular neighborhood of leq{L / Ua') coincides withiroq induces the identity 
on H^^{M / aa') and 

(c) : 

(220) n*[da'] = [da'] - l'^f^- ^^//;\ [L/a,,]. 

Proof. Let p: M — L — > M — V he the inverse of q. Let T and T be foliations on M 
and M whose leaves are the orbits of the Reeb flows of a' and a' . p maps the leaves 
of .F in M — L to the leaves oi !F in M — V. Let H^^ {X, G) he the basic cohomology 
of degree j of a smoothly foliated smooth manifold {X, Q). If the leaf space X/G of 
{X, Q) is an orbifold, then the de Rham cohomology of a smooth orbifold X/Q of 
degree j is canonically isomorphic to the basic cohomology of {X, Q), because their 
differential complexes are isomorphic by definition. Note that MjT = Mjua' and 
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M / J- = M jcja' . By the definition of tt and p, we have the following diagram: 
(221) Hl^ii^M - V)la^,) Hl^{{M - L)/aa') 



Hi (M - V, T) Hi {M~L, 

whose vertical arrow are isomorphisms. 

By the Mayer- Vietoris exact sequence for basic cohomology of Riemannian foli- 
ations [4 , we have 
(222) 

Hl{W~V,T) ^ Hi {M, T) ^ Hi {M -V,T)® Hi [W, T) ^ i?^ (yv - V, T) 

and 
(223) 

Hl{W - L, T) ^ Hl{M, T) ^ Hl{M -L,T)® Hl{W, T) ^ H'^{W - L, T). 

We choose a level set H of the contact moment map contained in — V^. Let 
in ■ {H, T) — > {W—V, be the inclusion map. Note that since H is the boundary 
of an open tubular neighborhood of S, H is diffeomorphic to 5^ x . The leaf 
space H/T of {H,!F) is an orbifold diffeomorphic to a lens space. In fact, ctq/ is 
written as 

(224) i.(C,zi,Z2) = (i"°C,t"^^i,i"^^2) 

in the standard coordinate on H by Lemma 18.241 Then we have H/T = H/aa' = 
((^1 X S^)/pk/r.oz)/p = (S^ X (5Vp|z/n0z))/p = p\y^o^. By Proposition 2.4 
of [121, we have 



(225) HUH,T)^Hi,^{H/a, 



K i = 0,3, 
otherwise. 



Let i^,: (S,.F) — > {V,J-) and ii^: {L,!F) — > {W,!F) be the inclusion maps. By 
Proposition 2.4 of |12j . is and induce isomorphisms on basic cohomology. Hence 
we have 



R i = 0, 
otherwise 



(226) WsiW,T)=H],{E,T) = 
and 

(227) Ws{W,r) = HUL,T) = 
Substituting ((226)) . ((227)) and ([225)1 to sequences ([223)) and ([222)) . we have 



M i = 0,2, 
otherwise. 



(228) Hi (M, T) Hi {M -V,T)®0 

Hl{M,T) ^ Hl{M -L,T)® R[L] 
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whose horizontal arrows and p* are isomorphisms where [L] is the Poincare dual 
of L. Note that [L] is contained in the image of the canonical map Hl{M,T) — > 

We prove (a) and (b). (a) follows from the following two facts and the diagram 

(i) vm-v- Hg{M,T) — > Hg{M — V.T) is an isomorphism, 

(ii) p* : H%{M - V,T) — > H%{M - L,T) is an injection. 

(b) follows from the fact that tm-v'- HKM,!F) — > Hl{M — V,!F) is an isomor- 
phism and (tt o q)\M-v is isotopic to the identity. 
To prove (c), we will show 

(229) ■K*[da'] ~ [da'] = a[L/aa'] 

for some real number a. Since we have a ~ — \j^fa ')^.\J^f^' ,^ by (|229p and 7r*[da'] • 
{Llaa'\ = 0, (|220| follows from ([229| . By ([22T|l and° ((2^ . we have the commutative 
diagram 
(230) 

Hl^iMla^.) ^ Hl^m - V)/a^,) H^^^{{M - L)/aa') Hl^iM/as..) 



Hi {M, T) Hi (M - T) —-^ Hi {M - L, ^) ® K[L] Hi (M, T) 

which satisfies 

(i) the composition of the upper horizontal homomorphism is tt* , 

(ii) TT* and p* are injective and 

(iii) the other arrows are isomorphisms. 

Since we have 

(231) p*rA/_y [da] = rjg_^[d(5] 

by the definition of the contact blowing down, we have (|229p . □ 

Lemma 7.5. Let M be a closed dimensional manifold. Let ao and ai he two K- 
contact forms on M of rank 1. Assume that the Reeb vector fields of ao and ai are 
the same. If both of ao and ai are invariant under a T^-action r on AI such that 
the Reeb flow is a subaction of t, then there exists a T-equivariant diffeomorphism 
fi : AI > AI such that fiai = ao. 

Proof. By Lemma 12.51 we have ii'-contact forms Po and (3i of rank 2 on AI such 
that ker Pj = ker aj and the Reeb vector field of Pj is an infinitesimal action R' of r 
for J = and 1. By Proposition 13. 16i there exists a diffeomorphism /i : AI — > AI 
such that fiPi = Po- Since /i is equivariant with respect to r, we have = R 
where R denotes the Reeb vector field of ao and ai . Since /i* ker ao = /i* ker Po = 
ker Pi = kerai, we have /*ai = ao. □ 

8. Normal forms of /T-contact structures 

We show Lemma 18.11 which is the ivT-contact analog of the equivariant normal 
form theorem of Weinstein [29] for symplectic submanifolds in Subsection 18.11 By 
Lemmaimj the equivalence class of open neighborhoods of a iiT-contact submanifold 
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is determined by the T^-equivariant symplectic normal bundle and the element R of 
Lie(T^) corresponding to the Reeb vector field. We can construct good coordinates 
and Lie group actions on open neighborhoods of X-contact submanifolds by Lemma 
l8Jl 

For a group a set A with an iJ-action and a subset B of A which is invariant 
under the //-action, we denote the isotropy group of the //-action at B by Hb- 

8.1. Normal forms of /C-contact submanifolds. Let M be a closed smooth 
manifold. Let be a smooth submanifold of M . Let ag and ai be two /T-contact 
forms of rank n defined on M. Assume that is a /T-contact submanifold of 
{M, ai) for 1 = and 1. Let Gi be the closure of the Reeb flow of in Isom(M, gi) 
for a metric gi invariant under the Reeb flow of for i = and 1. Let pi be the 
Gi-action on M for i = and 1. The element in Lie(G'i) corresponding to the Reeb 
vector field of ai is denoted by Ri for i — and 1. The symplectic normal bundle 
TN'^"^ of in (M, a,) is defined by (rTV'*"")^ = {w e T^M|ai(u) = 0,dai{v,w) = 
for every w in TxN} for i = and 1. TN"^"' is p.; -equi variant for i = and 1. The 
normal form theorem of /C-contact submanifolds is stated as follows: 

Lemma 8.1. Assume that 

(i) ao\N = ai\N and 

(ii) The T'^-equivariant symplectic vector bundles (TN'^°'° ,daQ\^2j^]\[dao) and 
(TN'^"'^ , dai\^2xN'^''i) over N are isomorphic by a bundle map q which 
covers id^v and 

(iii) q*(/?o) = Ri where : Lie(Go) — > Lie(Gi) is the map induced from the 
map Go — > Gi associated with the equivariant bundle map q. 

Then there exist a pi-invariant open neighborhood Ui of N for z = 0, 1 and a 
diffeomorphism f: Uq — > Ui such that /|jv = idjv and f*ai = ag. 

Proof. First, we show the following lemma: 

Lemma 8.2. There exist a pi-invariant open neighborhood Ui of N for i = 0, 1 and 

a diffeomorphism f^: Uq > Ui such that f^\N — ^An , f^ induces q between on 

the symplectic normal bundles TN"^"" and TN'^"'^ of N and f^ is T"- equivariant 
with respect to po and pi . 

Proof. For i = and 1, fix a metric gi on M invariant under pi. There exists a 
small number such that the exponential map exp* : {TNY"-^ — > M with respect 
to gi defined by exp'(a:,u) = exp^(u) for x in TV and v in {TN'^"-')^ is a diffeo- 
morphism on a tubular neighborhood V^. of the zero section of TN'^"-' of radius 
Ei. We take a sufficiently small open neighborhood Uq of N so that a diffeomor- 
phism — exp^ oq o (exp")^^ is well-defined on Uq. We show that satisfies 
the desired conditions. f^\N = idw is clear. Since gi is invariant under pi, exp* is 
T"-equivariant. Then is T"-equivariant. Since the differential map of exp* at x 
on the zero section of (TN)'^"^ is the identity through the natural identification of 
T'xVe^ with TxM, the tangent map of along N is q. □ 

Pulling back ai by in Lemma 18.21 to an open neighborhood of N, we 
reduce the proof of Lemma ISTTl to the case where 

(i) {dao)x = {dai)x for x in A*" and 

(ii) the Reeb flows of ao and ai coincide on . 
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We identify Go and Gi, and denote them by G. The action of G on is denoted 
by p. We denote the restriction of the Reeb vector fields of ao and ai to by R. 

Lemma 8.3. There exist p-invariant open neighborhoods Uo and Ui of N in 

and a p-equivariant dijfeomorphism : Uq > Ui such that /^Iw ~ idAf and 

f^*dai — daQ. 

Proof. We define the 1-form (3 on by f3 = ai — uq and the 2-form ujt on by 
cj( = (1 — t)dao + tdai for t in [0, 1]. Since {da^})^ = ((iai)j; for a point a; in iV and 
the Reeb vector fields of and ai are equal to R on by the assumption, there 
exists an open neighborhood J7q of N in such that cjt induces a nondegenerate 
2-form on TU /M.R for every t in [0, 1]. Since /3(i?) = ai{R) - ao{R) = by the 
assumption, there exists a unique smooth family {^t}te[o,i] of vector field tangent 
to kerao on Uq such that t(Xt)a;t + /? = for t in [0, 1]. Since ujt, (3 and kerao are 
invariant under p, is invariant under p. Note that since (3\n = 0, X^Iat = 0. 
Then the isotopy {4>t\t£[o,i\ generated by {^t}te[o.i] satisfies (jy^ujt = ujq. In fact, 
we have 

(232) = 0* (di{Xt)u,t + ^) = rf(^(^t)^t + /3) = 0. 

Since Xt\N = 0, the isotopy {0t}tg[o,i] is well-defined on an open neighborhood Uq 
of N in Uq. Put = 01 and the desired conditions for are satisfied. Note that 
since Xt is invariant under p, f^ is p-equivariant. □ 

Pulling back ai by in Lemma [531 on an open neighborhood W"^ of iV in W^, 
we reduce the proof of Lemma 18.11 to the case where 

(i) dao and dai are equal and 

(ii) the Reeb flows of Qq and Qi are equal on W^. 

Lemma 8.4. There exists a p-invariant open neighborhood of N in W'^ and a 
p-invariant function h on such that ai\w^ — ctolw^ = dh and h\N = 0. 

Proof. Let W'^ be a p-invariant tubular neig hborhood of NinW'^. We put /3 = 
ailvK^ ~ «o|iv3. Since is a retract of and f3\N = 0, /3 is exact on W^. 

We have a function h' on such that dh' — ai\w^ — Cio\w'->- Since the Reeb 
vector fields of ag and ai are equal to R on W^, we have Rh' = dh'{R) = ai{R) — 
aQ{R) = on W^. Since the orbits of the Reeb flow are dense in the orbits of p, h' 
is constant on each orbit of p. Hence h' is invariant under p. Take a point Xq on 
N and define h — h' ~ h'{xQ). Since h{xQ) = and dh'\j^ = 0, we have h\i^ ~ 0. h 
satisfies the desired conditions. □ 

We prove Lemma [8.11 We define the 1-form St — ao + tdh for t in [0, 1]. St is 
a contact form at a point a; on TV for every t by the assumption. Hence we have 
an open neighborhood VF^ of A*" in such that Stlw^ is contact for every t. Let 
R be the common Reeb vector field of St\w* for t in [0, 1] and put Z = —hR. Let 
{'0t}te[o,i] be the flow generated by Z. Since Z\n — 0, {iJt}te[o,i] is well-defined on 
an open neighborhood Uq of N for t in [0, 1]. Then we have 4't^t — cto on C/". In 
fact, we have 

(233) = rt {LzSt + ^)^^; {dL{Z)St +dh)^0. 

We put f = ipi- Since h and R are p-invariant, / is p-equivariant. / satisfies the 
desired conditions. □ 
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Let {M, a) be a closed X-contact manifold. Let be a if-contact submanifold 
of M. Let E be the symplectic normal bundle of N in (M, a). We denote the zero 
section of i? by 0^ and identify 0^; with N naturally. At a point x on N, the tangent 
space TxM is identified with T^E naturally. In fact, we have the decompositions 
T^M = T^N © E^ and T^E = T^Ob © E^ where E^ is the fiber of at a; in N. We 
have the following corollary of Lemma 18.11 

Corollary 8.5. There exists a K -contact form (3 defined on an open neighborhood 
of Oe in E which satisfies 

(i) {dP)x = {da)x for x in N, 

(ii) /3|og = a|Ar and 

(iii) the Reeh flow of (3 is the linear flow on E induced from the Reeb flow of a. 

If a K- contact form (3' defined on an open neighborhood W ofOs satisfies (i), (ii) 
and (Hi), then there exist an open neighborhood V ofOs in E, an open neighborhood 
U of N in M and a diffeomorphism f : V — > U such that /lo^ — id]\[ and f*a = (3' . 

Proof. Fix a metric 17 on M invariant under p. There exists a tubular neighborhood 
V of Ob such that the restriction of exp: E — > M defined by exp(a;, v) = exp^{v) 
to V is a diffeomorphism into M. 

Then exp* a is a X-contact form on V' which satisfies (i), (ii) and (iii). In fact, 
(i) and (ii) follow from the fact that {Dexp)^ is the identity for a point x on Ob 
through the natural identification of T^V with T^M. exp is p-equivariant with 
respect to p on M and the linear action on E induced from p. (iii) follows from the 
/9-equivariance of exp. 

Assume that a iC-contact form /?' on an open neighborhood W oi Oe satisfies 

(i) , (ii) and (iii). We put U' = exp(y n W). Then (exp"^)*/?' is a if-contact form 
on U' . The r"-equivariant symplectic normal bundle of N in {U' , (exp^^)*/3) is E. 
In fact, {Dexp)x is the identity for a point x on Oe and exp is equivariant with 
respect to the torus action p on M and the linear action on E induced from p. 
Hence ids satisfies the assumption on q in Lemma [STTl By Lemma [01 there exist 
an open neighborhood V of 0^ in E, an open neighborhood J7 of in M and a 
diffeomorphism /: V — > U such that /|oe = idw and f*a = (3'. □ 

Let _ff be a compact Lie group. We have the following lemma: 

Lemma 8.6. // there exists an H-action t on E which commutes with p and 
preserves ajo^; and the symplectic structures on fibers of E, then there exists an 
a-preserving H-action on an open neighborhood of N . 

Proof. By Corollarv l8.51 it suffices to show that there exists a r-invariant i^-contact 
form l3 on E which satisfies the conditions (i), (ii) and (iii) in Corollary [831 

Let f3' be a if-contact form defined on an open neighborhood W of 0^ which 
satisfies (i), (ii) and (iii). We define f3 by (3 = j^jh*(3'dh where dh is the Haar 
measure on H satisfying J^^dh = 1. Then (3 is invariant under r and satisfies (i), 

(ii) and (iii). The r-invariance is clear, (i) and (ii) follow from the conditions (i) 
and (ii) for /?' and the fact that r preserves a|oE and the symplectic structure on 
the fibers of E. Let R' be the Reeb vector field of /?'. We show that R' is the Reeb 
vector field of f3. Note that since r commutes with p, we have h^R' — R' for every 
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h in H. We can calculate (3{R') and t{R')dP as follows: 
(234) 

f3{R')^L{R') [ h*l3'dh^ I i{R')h*P'dh^ [ h* {L{R')f3')dh = [ dh = 1 
Jh Jh Jh Jh 

and 

(235) L{R')d(3 ^ L{R')d ( h*P'dh= [ i{R')dh* [3' dh ^ [ h* {L{R')df3')dh ^ 0. 
Jh Jh Jh 

Hence (3 satisfies (iii). □ 

We have the following relative version of Lemma [57T] Let M be a closed smooth 
manifold. Let Ai be an open set of M for i ~ 1 and 2. Let be a subset of M 
such that N ~ Ai is a smooth submanifold of M ~ A\. olq and ai be two i^T-contact 
forms of rank 2 defined on an open neighborhood of iV. We define G^, Ri and pi 
for z = and 1 in the same way as in Lemma |8. II Assume that [N — A\^ on\^_-j^ 
is a A'-contact submanifold of (M — ^i, for i = and 1. Assume that 

Q!o|a2 = Q^iUai is invariant under the Reeb flows of ao and ai for j = I and 2, 
the closure of Ai is contained in A2 and every connected component of Ai intersects 
N. 

Lemma 8.7. Assume that 

(i) = "iIat-aT 

(ii) T^-equivariant symplectic vector bundles {T {N ~ Ai^"" , rfaolA2T(A'-A7)''°o ) 
and {T{N ~ Ai)''"^ , dai |^22-(7v_a7)''"i ) ^ " ^1 '"^e isomorphic by a 
bundle map q which covers id^_^ and whose restriction '?|(Ar_xr)nA2 ^'^ 
(TV — Ai) (1 A2 is the identity and 

(iii) q■^,{Ro) — Ri where g* : Lie(G'o) — > Lie(G'i) is the map induced from the 
map Go > Gi associated with the equivariant bundle map q. 

Then there exist open neighborhoods Uq and Ui of N and a diffeomorphism f : Uq > 

Ui such that /|jvuAi — idAfuAi and f*ai = ag. 

Proof. First, we show that there exists a metric gi on M for i ~ 0, 1 such that 
(ji is invariant under pi for i = 0, 1 and 50 U2 = 5iU2- L'^t go be a metric on M 
invariant under pq. Let gi be the average of go by pi. Since i?oU2 = ^iU2 ^^'^ 
Lflo^o = Oi we have Ln^go = on ^2- Hence 50 U2 is invariant under pi. go\A2 is 
equal to the average of go\A2 by pi- Hence we have goU2 = 5iU2- 

Take a metric gi on M for z = 0, 1 such that gi is invariant under pi for i — Q, 
1 and 50U2 = 5iU2- In Lemma [8.2[ we define by = (exp^)~^ o g o exp" by 
the exponential map exp* of gi for i = 0, 1. Then we have /^l^i'^^ — (exp^)^^ o 
q o exp° 1^'^ = (exp")~^ o exp° |^'^ — idA[ for an open neighborhood A'^ of Ai 
by the assumption on q. In Lemma [8.3[ satisfies /^|AfuAi = idAruAi by /? = 
Q^oU'i — ciiU'j = 0. In LemmaH^U we have dh\pfuAi = since aoU'^ = ctiU;- Since 
h\N = and every connected component of Ai intersects iV, we have h\NuAi = 0. 
Hence Zl^nAi = in the proof of Lemma l8. II and we obtain / which satisfies the 
desired conditions. □ 

Let E be the symplectic normal bundle of N — Ai in M — Ai. We identify 0_b 
with N — Ai naturally. We also have the relative versions of Lemmas 18.5! and 18.61 
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Corollary 8.8. Let f3 be a K- contact form on E which satisfies (i), (ii) and (Hi) 
in Corollary \8.5\ If we have a metric g on M such that the restriction of the 

exponential map exp: £'|jvnA2 * ~ an open neighborhood W o/O^; n A2 

in E satisfies (exp |vf)*Q! = then there exist an open neighborhood V of Oe in E, 
an open neighborhood U of N — Ai in M — Ai and a diffeomorphism f : V — > U 
such that /Ioe = idjv_Ai' ■^*" ^ "'^'^ /lcxp-i(A;) = exp |exp-i(Ai) for an open 
neighborhood A[ of Ai . 

Proof. Take a metric g on M invariant under p which satisfies g\^_^ ~ 9\ai ^'^^ 
open neighborhood Ai of Ai. There exists an open neighborhood V oi Oe such 
that the restriction exp \ v' of exp: E — > M — A\ to V is a diffeomorphism into 
M. We put V = exp(F'). The symplectic normal bundles of N in (t/', (exp~^)*/3) 
is equal to E by (Dexp)^; ~ idT^A/ for a; in TV and the condition (ii) on d/3. We also 
have (exp~^)* (/3|j,^p_i(.^^j) = (Aa^- Take an open neighborhood A!^ of A\ in M so 
that the closure is contained in A\. By applying Lemma [8.71 to two i^-contact 
forms (exp~^)*/9 and a by putting q — ids, A2 = A\ and A!^ = A\^ we can take a 
diffeomorphism / satisfying the desired conditions. □ 

Lemma 8.9. Let t be an H-action on E which commutes with p and preserves 
'^\n~'Ai '^'^'^ symplectic structures on fibers of E. Assume that we have an 
a-preserving H-action f on A2 such that the linear action induced from f on 
^\(A2-'M)r\N (coincides with t. Then there exist an open neighborhood U of N ~ Ai 
in M — Ai and an a-preserving H-action on U which coincides with f on A[ n U 
for an open neighborhood A[ of Ai . 

Proof. Fix a metric g on M invariant under p and whose restriction g\A2 to A2 
is invariant under t. There exists an open neighborhood y of Ob such that the 
restriction exp |y of exp: E — > M — Ai to F is a diffeomorphism into M — Ai. We 
put 13' — (exp)*Q! and define /3 by /3 = h* P'dh where dh is the Haar measure on 
H satisfying J^^ dh = 1. Then /? is invariant under r and satisfies (i), (ii) and (iii) 
in Corollary ilSl We have /3U-i(A2-Ai)nv = /^'L-MAs-AOny r-invariance 
of P'\-.-HA2-Ai)nv Hence we have exp* a|(^^_^^)ricxp(y) = (^'\{A2-M)nc^p(v) = 
f^\(A2~Ai)ncxp{v)- Corollarv l8.81 we have a diffeomorphism /: V — > M into M 
such that /Ioe = ''^^n-M' /*" = /*" = P /lexp-i(Ai) = exp |exp-i(Ai) 

for an open neighborhood A'^ of Ai. Hence conjugating r on i? by /, we have an 
i/-action on U which satisfies the desired conditions. □ 

Let aQ and ai be if-contact forms of rank n on a smooth manifold M. Let Gi 
be the closure of the Reeb flow of in Isom(M, gi) for a metric gi invariant under 
the Reeb flow of ai for z = and 1. Let pi be the Gi-action on M. The element in 
Lie(Gi) corresponding to the Reeb vector field of is denoted by Ri. Let iV be a 
smooth submanifold of M. Assume that iV is a i^-contact submanifold of (M, ai) 
for i = and 1. The symplectic normal bundle TN"^"' of N in (M, a^) is defined 
by {TN'^'^^)^ = {w e T^M\a^{v) = 0,daj(u,w) = for every w in T^N} for i = 
and 1. TN'^"^ is p^-equivariant for i = and 1. Localizing the argument of the 
proof of Lemma 18.11 to a relatively compact open subset ^ of which is invariant 
under po and pi , we have the following variant of the normal form theorem: 

Lemma 8.10. Assume that 
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(i) ao\N = ailAT and 

(ii) T"-equivariant symplectic vector bundles (TA^''"°, daoU^TTV^o ) and {TN"^"^ ,dai\/^2rpj^dai) 
over N are isomorphic by a bundle map q which covers id^v and 

(iii) q*(i?o) — Ri where : Lie(Go) — > Lie(G'i) is the map induced from the 
map Go > Gi associated with the equivariant bundle map q. 

Then there exist a pi-invariant open neighborhood Ui of V for i = 0,1 and a dif- 
feomorphism f: Uq — > Ui such that /|jv — idAr and f*ai — ag. 

8.2. Local T'^-actions. We construct a-preserving T'^-actions on open neighbor- 
hoods of closed orbits of the Reeb flow, isT-contact lens spaces and chains. 

Let (M, a) be a closed 5-dimensional if -contact manifold of rank 2. The Reeb 
vector field of a is denoted by R. Let G be the closure of the Reeb flow in Isom(Af, g) 
for a metric g compatible with a. We denote the action of G on M by p. Let i?niax 
and i?min be the maximal component of the minimal component of the contact 
moment map for p on (M, a) . 

8.2.1. Local -actions near closed orbits of the Reeb flow. Let S be a closed orbit 
of the Reeb flow of a. We will show 

Lemma 8.11. There exists an a-preserving T^-action on an open neighborhood of 
S. 

Let E be the symplectic normal bundle of S in M. Fix a point a; on E and Ex 
be the fiber of E over x. For a vector bundle V over a manifold, Oy denotes the 
zero section of V. 

We show Lemma [8. Ill 

Proof. By Lemma [8.61 it suffices to show that there exists a T^-action on E which 
commutes with p and preserves alo^ and the symplectic structures on the fibers of 
E. 

By Lemma |8.25[ we have p-invariant symplectic vector subbundlcs Ei and E2 of 
E such that E — Ei ® E2. Fix a metric on Ej which is compatible with da\/^-2E. 
and invariant under p for j — 1 and 2. Then we have a complex structure Jj on 
Ej invariant under p. Let ai be the S^-action on E which is the product of the 
trivial S'^-action on Ei and the S^-subaction of the linear -action on E2 defined 
by J2. Let a2 be the S'^-action on E which is the product of the trivial S'^-action 
on E2 and the S'^-subaction of the linear -action on Ei defined by Ji. Then (jj 
preserves da for j = 1 and 2. We will prove that aj commutes with p for j = 1 
and 2. The weight of ajlsj^ is 1. Since a preserves Jj, g^^ ° <^\(Ej)g.^ °9 is also the 
S'^-action on E.^ with weight 1 for every a; on S and every g in G. Hence we have 
° '^\{Ej)g.^ ° 9 — cIbj^ for a; on E and g in G. Then aj commutes with p. 

{Gx)o denotes the identity component of the isotropy group Gx at x. Take an 
S'^-subgroup G' of G which satisfies G' x (Gs)o = G. Let Z be the vector field on 
E generating the linear action of G' on E. Fix a point a; on E and let r be the first 
return map r : Ex — > Ex of the flow generated by Z. Let Zi be a vector of Ejx for 
j = 1 and 2. Since r preserves Ejx, Jj and gj for j — 1 and 2, r can be written as 

('^^o"^ ^aiioa ) fo'^ I'S^l numbers 61 and 62 with respect to the basis {zi,Z2} of Ex 
as a complex vector space. Put Z' = Z — d\Y\ — 6*212 where Yj is the vector field 
generating Uj for j — 1 and 2. Then Z' generates a free S'^-action (73 on E which 
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commutes with p and preserves alog and the symplectic structures on the fibers of 
E. 

The product (Ti x 0-2 x gives a T^-action which commutes with p, preserves 
q;|oe and the symplectic structures on the fibers of E. □ 

8.2.2. Local -actions near K -contact lens spaces of rank 2. Let iV" be a TvT-contact 
submanifold of (M, a). Assume that the rank of {N,a\M) is 2. Then A'' is a lens 
space and the Reeb flow of a [at has two closed orbits Eq and Ei by the classification 
of 3-dimensional contact toric manifolds by Lerman [18] . Assume that there exist 
an open neighborhood Uj of and an a-preserving T^-action fj on Uj which 
preserves N for j — Q and 1. We show 

Lemma 8.12. There exists an a-preserving T^-action f on an open neighborhood 
of N which coincides with tq on an open neighborhood of Eg and is conjugate to fi 
on an open neighborhood o/Ei. 

Proof. Let E be the symplectic normal bundle of A' in M and tj be the linear 
action on i?|£/ nw induced from fj for j = and 1. Fix a metric g on E which 
is compatible with (ia|^2^, invariant under p and whose restriction g\vj to Vj is 
invariant under Tj where Vj is an open neighborhood of Ej in Uj for j = and 1. 
Let a be the 5'^-subaction of the linear -action defined by the complex structure 
determined by (ia|^2^ and g. a commutes with p by the invariance of g under p. 
We obtain an effective torus action t on E generated by a and p. Since the isotropy 
group Gat of p at A is discrete and a fixes A^, cr is not a subaction of p. Hence r is 
an effective T'^-action. Note that a preserves da\/\2^ by the compatibility of g with 
a. Hence r commutes with p and preserves a\o^ and the symplectic structures on 
the fibers of E. 

We show that r is conjugate to the linear T'^-action Tj induced from fj near E^ 
for j ~ and 1. Assume that r is not conjugate to the linear T'^-action tq induced 
from To near Eg. Since tq preserves the complex structure determined by da\/s^2^ 
and g on the fibers of E over an open neighborhood of Eg, tq commutes with a 
by the argument in the last part of the second paragraph of the proof of Lemma 
18.111 Since t and tq commute and are not conjugate to each other, their orbits 
do not coincide. Hence r and tq generate an effective T^'^-action which commutes 
with p, preserves ajoB and the symplectic structures on the fibers of E over an 
open neighborhood of Ej . By Lemma 18.61 we have an effective T^-action which 
preserves a near Ej . This contradicts Lemma 12.41 Hence r restricted to an open 
neighborhood of Eg is conjugate to tq. on the fibers of E over an open neighborhood 
of Eg. Similarly r restricted to an open neighborhood of Ei is conjugate to ti on 
the fibers of E. 

We conjugate t to r so that f coincides with Tg on an open neighborhood of 
Eg. Then f is a T'^-action on E which commutes with p and preserves ajg^; and 
the symplectic structures on the fibers of E over an open neighborhood of E^ for 
j = 0, 1. Moreover f coincides with Tg on an open neighborhood of Eg in A, and 
f is conjugate to ti on an open neighborhood of Ei. By Lemma 18.61 we obtain f 
which satisfies the desired condition. □ 

8.2.3. Local -actions near chains. Assume that the closure of every gradient man- 
ifold in a chain C is a smooth submanifold of M. Let Eg be the bottom closed orbit 
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in C and be the top closed orbit in C . Assume that there exist an open neigh- 
borhood Uj of Sj and an a-preserving T^-action fj on Uj which preserves N for 
i — i) and I. We have 

Lemma 8.13. There exists an a-preserving T^-action f on an open neighborhood 
of C which coincides with tq on an open neighborhood of Sq o-^d is conjugate to f; 
on an open neighborhood of . 

Proof. We denote the lens spaces in C by Li, L2, ■ ■ ■ , Li from the bottom. Applying 
Lemma 18.121 inductivelv to Li, L2, Li, we have a T^-action which satisfies the 
desired condition. □ 

8.2.4. Local T'^ -actions near K -contact lens spaces of rank 1. Let _B be a 3-dimensional 
if-contact submanifold of (M, a). Assume that the rank of {B,a\B) is 1 and B is 
difFeomorphic to a lens space. We show 

Lemma 8.14. There exists an a-preserving T^-action on an open neighborhood of 
B. 

Let B / p is a 2-dimensional smooth orbifold with a volume form da. B j p has at 
most two singular points. The singular points oi B j p are denoted by p\ and pi. 
We refer [10] for basic terminology on orbifolds. 

We show 

Lemma 8.15. {B/p,da) has a smooth hamiltonian S^-action a. 

Proof. Let mi and 7712 be the multiplicity of the two singular points of B / p. We 
put p = GCD(TOi,m2) and = mj/p for j = 1,2. Define a contact form ao on 
53 by 

(236) ao = m'i\/—l{zidzi — zidzi) + m2^/~T{z2dz2 — Z2dz2). 
Then the Reeb flow pa^ of ao is written as 

(237) t.(zi,Z2) = (f<zi,t"i^2). 

Hence the multiplicity of the singular points of S^/pag are m'l and rrij- L^t cr be a 
Z/pZ-action on defined by 

(238) s-(zi,Z2) = (e p zi,e p Z2) 

for s in TLjp^. Since commutes with cr, a acts on S'^ / Paa- The multiplicity of 
the singular points of {S^ / Pa„) / o is mi and m2. c?ao induces a volume form on 
{S^/pao)/(T. Let T be an S'^-action on defined by 

(239) t- (zi,Z2) = (i"^2i,i"^^2) 

for t in where ni and 712 are integers such that m[n2 — m'2ni is not equal to 
0. Then r induces an S'^-action ri on {S^/pao)/^ which preserves dao. Let Y be 
the vector field on {S^/pao)/a generating ti. Since we have d{L{Y)uj) = LyUJ = 0, 
the 1-form l{Y)uj on {S^/pao)/a is closed. By H^^{{S^ / pao) / a) — 0, we have a 
smooth function h on {S^/pag)/cr such that dh = l(Y)uj. Hence ri is hamiltonian. 

Since the genus and the multiplicity of the two singular points of {S^ / pa„) / a 
and B/p are equal, we have a diffeomorphism (j): {S^/pag)/cr — > B/p. Changing 
to to —UJ, we can assume that / preserves the orientations determined by w and da. 
By H^j^{{S^ / pao) / a) = M, we have a real number c and a 1-form (3 on B/p such 
that df3 — cf*Lj — da. We define a volume form Ut by = (1 — i)da -\-tuj on 
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and a vector field Zt on Bj p by i(Z)cjt + /3 = for t in [0, 1]. Let {V't}te[o,i] be the 
flow generated by {■Z^t}te[o.i]- Then we have "^X^o = da. In fact, we have 

(240) = rALz^uj, + ^) = V^;d(4^0'^* + /3) - 0. 

Conjugating 0^^otio0 by ^/ji, we have an S'^-action a on B / p preserving da. Since 
Ti is hamiltonian and il}\uj = da, <t is haniiltonian. □ 

Lemma 8.16. There exists an (a\B)-preserving T^-action on B. 

Proof. Let X be the vector field on B/p generating a. Let ft, be a hamiltonian 
function of a. Let X be the lift of X on i? tangent to kera. We put X' ^ X — hR. 
We prove that X' and R generate an a-preserving T^-action. 

The flow generated by X' preserves a, since we have Lx'Ol — d{L{~-hR)a) + 
L{X)da — 0. The flow generated by X' commutes with the Reeb flow. In fact, since 
we have a{\R,X']) — R{a{X')) — L^a^X') = 0, [R,X'] is a section of kera. For 
a section of kera, we have da{[R,X'],Y) = -X'{da{R,Y)) + da{R, [X' ,Y]) = 0. 
Hence we have [i?, X'] = by the nondegeneracy of da on ker a. 

Let r be the (S*^ x R)-action on B generated by R and X' . We show that 
r induces a T^-action. By Rh = and X'h — 0, the orbits of the (S*^ x R)- 
action generated by R and X' coincide with the fibers of h. Let Sq and Si be 
the maximal point set and the minimum point set of h. Sj is a closed orbit of the 
Reeb flow of a. Since ft, is a proper submersion on B — (Eq U Si), ft'|_B_(SouSi) 
is a T^-bundle. We fix a triviahzation B - (Sq U Si) = x (0, 1) such that R 
and X' are written as R = and X' — ^ + /(O^ f^'' some function / with 
respect to t where {x, y) is the coordinate on as follows: {B — (Eg U Ei))/p is 
diffeomorphic to x (0, 1). Let s: [0, 1] x (0, 1) — > x (0, 1) be the map defined 
by the product of the map [0,1] — > = [0, l]/{0} ~ {1} and id(o,i)- Take a 
lift s of s to i? — (So U Si) such that the image of the lift is invariant under the 
{S^ X IR)-action generated by R and X' . We define a smooth function / on (0, 1) 
by f{t) = -s{t, 1) + S{t,0). By putting ^ = R and ^ X' + f{t)R, we can 
define a triviahzation B — (Sq U Si) = x (0, 1) such that R and X' are written 
as R — and X' — + f(t)-^ for some function / with respect to t where (x, y) 
is the coordinate on T^. 

To show that r induces a T^-action, it suffices to show that f{t) is a constant 
function. We can write a ^ dx + hi{t)dy + h2{t)dt where hi{t) and h2(t) are 
smooth functions on t. Since a{X') = f{t) + fti(t) and d{a{X')) = i{X')da = 
L{X'){h\{t)dt A dy) = dfti, we have df{t) = 0. Hence the proof is completed. □ 

Let T be the T^-action on B obtained in Lemma [8. 161 Let E be the symplectic 
normal bundle of B in M . Let uj be the symplectic structure on fibers of E. E has 
a complex structure compatible with oj. 

Proof of Lemma \8.14\ By Lemma 18.61 it suffices to show that we have a da- 
preserving T'^-action f on E such that f commutes with p and E is equivariant 
with respect to f and r. Let ri be an S'^-subaction of r which satisfies ri x p' = r 
where p' is the S'^-action on B induced from p. 

First, we show that there exists an S'-'^-action t[ on E so that t( commutes with 
p and E is S'-'^-equivariant with respect to ri and r{. Let C be a T^-orbit of t in 
B. We denote two connected components of i? — C by i?i and i?2- Since B has a 
T^-invariant contact structure by Lemma [8.161, Bi and B2 are solid tori which are 
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/9-equivariantly homotopy equivalent to by the classification of 3-dimensional 
contact toric manifolds by Lerman |18j . E\bi and E\b2 are trivial as p-equivariant 
vector bundles, since the base spaces Bi and B2 can be p-equivariantly retracted 
to S^. We can take T^-equivariant trivializations -Els^ = M.^ x Bi ioi i = 1 and 2 
where the T^-action on R'^ x Bi is defined by the product of the standard S'^-action 
on and p' . Then we have an S'^-action r{ on x Bi defined by the product 
of the trivial S'^-action on and the S'^-action r on Si. t[ induces a rotation on 
each component of x dB2 through the identification x dBi — > x dB2- 
Hence we can extend t[ to E so that t[ commutes with p and E is S^-cquivariant 
with respect to ri and t[ . 

We show that we can modify t[ to an w-preserving S^-action fi on E such that 
fi commutes with p and the vector bundle E is S'^-equivariant with respect to ti 
and fi. Let dh be a Haar measure on We define a symplectic structure u' on 
fibers on E by the average uj' = /^i h*u!dh of w by t(. Then u' is invariant under 
p by (7*0;' = Jgi g*h*Lodh = J^i h* g*ujdh = J^i h*ujdh = oj'. Since the rank of is 
2, we have a p-equivariant isomorphism ^ from {E,uj') to {E,u}) as oriented vector 
bundles. Conjugating t[ by -i/;, we have an S'^-action fi which satisfies the desired 
conditions. 

We obtain a T-^-action f on E which satisfies the desired conditions by taking 
the product of fi and p. 

8.3. Normal forms of closed orbits of the Reeb flow. We write normal forms 
of closed orbits of Reeb flows in this subsection. See |3Ij for the proof of the normal 
form theorem of closed orbits of the Reeb flow. 

Let (Mi,ai) be a closed 5-dimensional iC-contact manifolds of rank 2 for z = 
and 1. Let Gi be the closure of the Reeb flow in Isom(Afj,gj) for a metric gi 
invariant under the Reeb fiow. The action of Gi on Ali is denoted by pi. 

In this subsection, we fix an isomorphism Gi — s- and identify Gi with 
for 1 = and 1. The isotropy groups of pi are regarded as subgroups of T^. 
The element of Lie(r^) corresponding to the Reeb vector field of through the 
isomorphism Lie(G'i) — > Lie(r^) is denoted by Ri. We assume that i?o — Ri 
and denote them by R. We fix X in Lie(T^) which is not parallel to R. We put 

= Oii{X) where X is the infinitesimal action of X. The maximal component and 
the minimal component of <i>i are denoted by i?maxi and i?mini, respectively. 

Let Yji be a closed orbit of the Reeb flow of ai for i = and 1. A diffeomorphism 
/ from an open neighborhood Uq of Eq to an open neighborhood Ui of Si is said 
to be an isomorphism if /(Sq) — Si, f *ai = and f{po{x,g)) — pi{f{x),g) for 
every x in Eq and g in T^. 

We will omit the index i in the proof and the statement of lemmas, when we can 
fix i in the argument. 

8.3.1. Length of closed orbits of the Reeb flow. Note that (Eqi Q^oIeq) and (Si, ails^) 
are isomorphic as if-contact manifolds if and only if Jj^^^ a = J.^^ a. We show the 
following: 

Lemma 8.17. We have J.^^ ao — Jj.^ ai i/(G'o)so = iGi)si- 

Proof. It suffices to compute Jj, a from i? and Ge . Take a parametrization 7 : — > 
S so that 7*(^)a: = cR^ for every point a; on S and a positive constant c. Then 
we have J^a = Jgi Q!(7*(^))rfC = c. Fix a point x on S. Then S is identified 
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with G/Gx- We denote the projection Lie(G') — > \^\c{G/Gx) by tt and identify 
lj\e{G/Gx) with M so that the lattice defined by the kernel oilj\e{G/Gx) — » G/Gx 
is identified with Z. Then we have it{R) = Hence Lemma [8.171 follows . □ 

We remark on the values of the contact moment map at closed orbits of the Reeb 
flow. Let : Mi — > Lie(T^)* be the contact moment map for pi for i = and 1. 

Lemma 8.18. We have $„„(So) = $ai(Si) i/ (Go)so = (Gi)si. 

Proof. It suffices to compute $q,(S) from R and Gy,. <f>Q(S) is a covector which 
defines the Lie algebra of Gs. In fact, if we take a vector X in Lie(r^) which 
generates the identity component (Gs)o of Gs and denote the infinitesimal action 
of X by X, we have ^a{x){X) = ax{Xx) = for any point a: in E by Xx — 0. 
<i>Q(S) is contained in the affine space {v e Lie(T^)* = 1} of Lie(T^)*. Hence 
$ct(S) is determined by the equation $c((S)(i?) — 1 among covectors defining the 
Lie algebra of (Ge)o- D 

8.3.2. Connected isotropy group cases. We assume that (Gi)si is connected for 
i = and 1 in this subsubsection. 
We show 

Lemma 8.19. There exists an S^-suhaction of which acts freely on an open 
neighborhood ofY,. 

Proof. By the assumption, Gx is isomorphic to . Hence there exists an S^- 
subgroup G' of such that G' x Gx = T^- Then G' acts freely on an open 
neighborhood of E. □ 

Lemma 8.20. There exist two K -contact submanifolds containing E. 

Proof. By Lemma 18.191 there exists an S^-subgroup G' of T^ such that G' acts 
freely on an open neighborhood of E. Fix a point x on E. Let E be the sym- 
plectic normal bundle of E in (A/, a) . Then the isotropy group of E acts to the 
fibers of E preserving the symplectic structure induced from da. (Ex, da\E^) is 
S'^-equivariantly isomorphic to with the standard symplectic structure and an 
5^-action defined by 

(241) S.(Z1,Z2) = (S"^^1,S"^^2) 

where {mi, 7712) is a pair of coprime integers. Since the G'-action is free on an open 
neighborhood of E, i? has two T^-invariant symplectic vector subbundles defined 
by the equations zi — and Z2 = 0. The proof is completed by Corollary [831 O 

We take a coordinate to write a in a simple form near E. Fix an S'^-subgroup 
G' of such that G' acts freely on an open neighborhood of E. We change the 
identification from G to so that G' = {(t, s) € T^js = 1} and Gs = {{t, s) G 
r2|< = 1}. We put R = Ao^ + Ai^. Since (M, a) is of rank 2, Ao and Ai 
are real numbers which are linearly independent over Q. The length of E is 
Fix a point x on E. Since the action of G' is free, the isomorphism class of the 
T^-equivariant symplectic normal bundle of E is determined by the isomorphism 
class of {Ex,da\E^) as a 5 ^-equi variant symplectic vector space. By the equivariant 
Darboux theorem, {Ex, da\E.^) is isomorphic to (C^, X]^=i ^•^j ^ d^j) with the 
S'^-action defined by 

(242) S-(Z1,Z2) = (S"^^1,S"^Z2) 
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for coprime integers (mi, 7712). 

Define a l-form ao on x Dj by 
(243) 

ao = +m2\z2\ ) ^ :^^ZI(2;^cf^^ -zidzi) + ^^^^(zgcfza - Z2dz2). 

Ao ^ ^ 

ao is a i^-contact form of rank 2. 5^ x {0} is a closed orbit of the Reeb flow 
of ao of length j-. The T^-equivariant symplectic normal bundle of x {0} is 
isomorphic to the symplectic normal bundle of E. By Lemma l8. II we have an open 
neighborhood U of S, an open neighborhood F of 5^ x {0} and a diffeomorphism 
/: U — > V such that a = /*ao. 

The Reeb vector field Rq of ao is written as 

(244) i?o = Ao— + Ai(^TOiV^(^zi— - zi— j + m2\/=T( 23— - ^2- 



d( \ \ dzi dzi J V dz2 &Z2 

The T^-action po associated with ao is given by 

(245) (t, s) ■ (C, zi, Z2) = (tC, s^^zi, 5"=Z2). 
If we take an infinitesimal action 

(246) X ^ sa— + si[mi\/-l[zi- zi—- + m2V-lU2-5 ^2t^ 

oQ \ V ozi oziJ \ 0Z2 OZ2 

of po which is not parallel to i?o, then $0 — ao(Xo) is written as 



SqAi , \ I |2 , / , _ \ i_ i2 , ■^o 



(247) $o = mi(^ — ^ + kir +TO2 — -^ + sij\z2\ 

Let iV/ and Nf be two if-contact submanifolds containing for i = and 
1. Assume that Nl is contained in $T^^((— cx3, $i(Ei)]) and A^^^^ is contained in 
$~"'^([$i(Ei), 00)) for i = and 1. If is not contained in i?rnini nor -Bmax i for 
i = and 1, we have 

Lemma 8.21. There exists an isomorphism from an open neighborhood ofSo to 
an open neighborhood of Ei mapping Nq to if and only if (G'o)so ~ {Gi)si, 
lip, N^) = lip, Nl) and lip, N§) = lip, Nf). 

Proof. It suffices to show that the normal form of E is determined by R, lip, N^), 
lip, N'^) and Ge- By Lemma l8.17| the isomorphism class of (S, a|s) is determined 
by R and Gs. By Lemma [8Tl it suffices to show that the given data determine the 
isomorphism class of i? as a T^-equivariant symplectic vector bundle over E. By 
Lemma I8.19[ we take an ^^-subgroup G' of so that G' acts freely on an open 
neighborhood of E. Hence the isomorphism class of iEx,da\E^) as a symplectic 
vector space with an S'-'^-action determines the isomorphism class of E. iE^, daj^^) 
is isomorphic to with the standard symplectic structure and an 5^-action defined 

by 

(248) s-iz^,Z2)^is^'z^,s^-Z2) 

where (mi, 7712) is a pair of coprime integers. We can assume that is defined by 
Z2 = and N'^ is defined by zi = 0. For X given by (|246p . a(X) is written as 

*oAl , „ \ I.. |2 I ( ^oAl \ I |2 I '^0 



(249) a(A) =7711 ( -^+Sll |Z1 1^+ 7772 l-^+Sl) |Z2| . 
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near E in the above coordinate on x Dj. Then nii y—^j^ + sij is positive and 

7712 (^~^A^ '^i) negative by the assumption. Since the G'-action is free near E, 
we have \mi\ = I(p,Ni) and \m2\ ~ /(p, -/V2). Hence mi and m2 are determined 
by the given data. Since the isomorphism class of {E^, da\E^) is determined by mi 
and m2 , the proof is completed. □ 

Assume that 

(i) Eg is contained in i^mino and Ei is contained in Bmini or 

(ii) Eg is contained in Bmaxo a-nd Ei is contained in -Bmaxi- 

We have the following by the same argument as in the proof of Lemma 18.211 

Lemma 8.22. There exists an isomorphism from an open neighborhood of Eg to 
an open neighborhood of Ei mapping iVg to if and only if (Gg)so = {Gi)^-^, 
I{p, TVgi) = I{p, Nl) and I{p, N^) = /(p, N^). 

8.3.3. General cases. Fix a point x on E. We identify G/Gx with E. Define E = 
G/{Gx)o and denote the projection E — > G/Gx by p. Then p is a T^-equivariant 
finite cyclic covering with respect to the induced T^-actions from the principal 
action of G on G. Since Gf, = {Gx)o, the isotropy group of the T^-action induced 
on p*E at Op*E is {Gx)o- Hence we have 

Lemma 8.23. There exists a T'^-equivariant finite cyclic covering p: E > E such 

that the isotropy group of the induced T^- action on p* E at Op» b is connected. 

By Lemma [8.231 we can take a good coordinate near a closed orbit if we take a 
finite covering of an open neighborhood. 

The symplectic structure uj on defined by = X]j=i '^^j ^ i^ called 
standard. We show 

Lemma 8.24. The T^-equivariant symplectic vector bundle E is isomorphic to the 
trivial bundle x over with the symplectic structure which is standard on 
each fiber and the -action defined by 

(250) {to,t,) ■ (c,zi,z2) = (cc,c^r^i,Cir^2) 

where ng — I(p, E) and Jii, 712, mi and m2 are some integers which satisfy GCD(rtg, ui 
1 and GCD(mi,m2) = 1. 

Proof. We denote the projection G — > G/Gx = E by tt. Let g^: E x G — > E x G 
be the map defined as the product of p{g) : E — > E and the left multiplication 
map of g to G. We have the map x- G x Ex — » tt*E defined by x(5,w) — g*v 
where : tt* E — > n* E is the restriction oi g^, : E x G — > E x G to tt*E. Since 
the symplectic structure on the fibers of E are preserved by p, x is an isomorphism 
as G-equivariant symplectic vector bundles. Hence E is obtained by the quotient 
of the trivial G-equivariant vector bundle G x Ex hy the action of Gx . 

We fix a subgroup G' of G so that G' x (Ga;)g = G where (Ga:)o is the identity 
component of Gx- Then G' XcnG^ has a structure of a G-equivariant symplectic 
vector bundle by the G-action defined by g'h'[g, x] = [g'g, h'x] for g in G, g' in G', 
h' in {Gx)o and x in Ex. The canonical injection G' x^'nGx — *■ G xq^ Ex is an 
isomorphism of G-equivariant symplectic vector bundles. Hence E is the quotient 
of the T^-equivariant vector bundle G' x iS^; by a G' n Ga;-subaction a. 
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We fix a metric on Ex which is compatible with da\/^2^^ and invariant under Gx- 
We regard Ex as a complex vector space with a symplectic form. We fix a basis 
{vi,V2} of Ex so that Ex is identified with with the standard Euclidean metric 
and the standard symplectic structure. The action of Gx on E^ is unitary. Since 
Gx is abelian, we can conjugate the action of Gx so that the image of Gx — > U(2) 
is contained in the group of diagonal matrices by the simultaneous diagonalization. 
Hence there exist homomorphisms 0.; : Gx — > C for i = 0, 1 such that the action 
of Gx is written as g ■ {wi,W2) — {4>i{g)wi, (I)2{g)w2) for each g in Gx and (wi,W2) 
in C^. For ^ in G" = S*^, the G-action on G' x Ex is written as 

(251) (io,ti) • {^,wi,W2) = (to^,ir«;i,tr^2) 

for some integers rui and m2 where G' ~ G' x {Gx)q ■ The G' n G^^-subaction a on 
G' X Ex is written as 

(252) s • (e, wi,W2) = (s'°e, s'i"^W2) 

for a positive integer Iq and an integer h where s is a generator of Z/fcZ. Since a is 
free, lo satisfies GCD(/o, k) — 1. By changing the generator of Z/fcZ, we can write 
(T as 

(253) u- {^,wi,W2) = «,u""i?«i,M"""u;2) 

for integers ni and 712 where m is a generator of Z/fcZ. We have a diffeomorphism 
/ from G' XcnG^ i^a^ = to 5'^ x induced from a map / defined on G' x Ex 
by f{£,,'Wi,W2) — {(,'', £,"^wi,^^^W2)- Since p is induced from p, p is written in the 
new coordinate {(,zi,Z2) = (C, ^"^fi'i, ^"^^2) on G' XcnGj^ -Ei: as 

(254) {to,h) ■ (C,zi,Z2) = {4C,CtT'zi,f^HT'z2). 

The conditions GCD(no, ni, 712) = 1 and GCD(mi,m2) = 1 follow from the effec- 
tiveness of p. Note that since a preserves the symplectic structure on G' x Ex, the 
symplectic structure on E is standard with respect to the coordinate (zi,Z2) on 
each fiber. □ 

Lemma 8.25. There exist two K-contact submanifolds containing E. 

Proof. By Lemma [8.24) E is isomorphic to the trivial bundle S*^ x over with 
the T^-action defined by 

(255) {to,t,) ■ (c,zi,z2) = (cc,Cir^i,Cir^2) 

for some integers noi "ii "2, "t-i and m2- x has two T^-invariant symplectic 
vector subbundles Ei and E2 defined by the equations zi = and Z2 = 0. The 
claim follows from Corollary [831 D 

The 5'^-action on C defined hy s ■ z ^ sz for s in is called standard. Let H 
be a 1-dimensional Lie group. For a 1-dimensional complex nondiscrete i?-action 
(T, we define the signature s{a) of the weight of a by s{a) = 1 if the induced action 
of H/keia on C is standard, s{a) = — 1 if the induced action of H/kera on C is 
not standard. The following lemma is clear: 

Lemma 8.26. Two 1-dimensional complex nondiscrete H-actions ctq O'l^'d ci fl'^e 
isomorphic if and only if the kernels and the signatures of the weights of ctq and ai 
are equal. 
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Let iVf and N} be two if-contact submanifolds containing for i = and 
1. Assume that N} is contained in $^^((—oo, and Nf is contained in 

$^^([<i>i(I]i), oo)) for i = and 1. If is neither contained in -Bmini nor in -Bmaxi 
for i — Q and 1, we have the foUowing: 

Lemma 8.27. There exists an isomorphism from an open neighborhood of Sq to 
an open neighborhood o/Ei mapping Nq to Ni if and only if {Go)^g = (Gijsj and 
(Go)^j = {Gi)j^j for j = and 1. 

Proof. It suffices to show that the normal form of is determined by Ri, {Gi)s-, 
{Gi)]\[0 and (Gi)i\[i for i = and 1. Since we argue on each i — and 1 separately, 
we omit the subscript i in the following argument. By Lemma [8.17i the isomorphism 
class of (E, als) is determined by R and G^. 

We will show that the T^-equivariant symplectic normal bundle i? of E is deter- 
mined by the given data. By the slice theorem, the T^-equi variant normal bundle 
of S is determined by Gs and the action of Gs on a fiber of E over a point 
a; in E. Hence it suffices to show that the symplectic representation of Gs on E^ 
is determined by the given data. By Lemma [8.25) the Gs-action on Ex is decom- 
posed into a direct sum of two 2-dimensional symplectic linear representations as 
Ex = ((TiVi)''")^ ® ((rAf2)da)^ where iV^ and N'^ are the X-contact submanifolds 
containing E and (TN^Y" is the symplectic normal bundle of in (M, a) for 
j — 1 and 2. Fix complex structures on TN^ and TN^ which is compatible with 
symplectic structures and invariant under Gs . Note that the actions of Gs on TN^ 
and TN^ are not discrete by the assumption, since the kernels of the direct sum- 
mands are Gjyi and Gjya. Since the signatures of weights are determined by the 
assumption on Nil using the expression of a on a finite covering of an open tubular 
neighborhood as in the argument in the last part of the proof of Lemma 18.211 the 
isomorphism classes of direct summands are determined as unitary representations 
by the given data by Lemma [8. 261 □ 

Assume that 

(i) Eq is contained in iJminO of dimension 1 and Ei is contained in Bmini of 
dimension 1 or 

(ii) Eq is contained in iJmaxO of dimension 1 and Ei is contained in -Bmaxi of 
dimension 1. 

In these cases, the action of the isotropy group is decomposed into a direct sum 
of two 2-dimensional symplectic nondiscrete linear representations. Hence we have 
the following by the same argument as in the proof of Lemma 18.271 

Lemma 8.28. There exists an isomorphism from an open neighborhood of Eg to 
an open neighborhood of Ei mapping Nq to Ni if and only if {Go)^^ = (Gi)ej, 
{Go)n° = {Gi)n« o.nd {Go)ni = (Gi)^i. 

Assume that 

(i) Eq is contained in i?ininO of dimension 3 and Ei is contained in -Bmini of 
dimension 3 or 

(ii) Eq is contained in -Bmaxo of dimension 3 and Ei is contained in -Bmaxi of 
dimension 3. 
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We denote -Bmaxi or Bmini containing Si by Bi for i = and 1. Let be a 
if-contact submanifold containing other than Bi for i — and 1. We denote 
the Seifert fibration on Bi defined by the orbits of pi by J-'i for i — and 1. 

Lemma 8.29. There exists an isomorphism from an open neighborhood of So to 
an open neighborhood of Si mapping to if and only if (G'o)so = {Gi)-Si, 
{Gq)no = iGi)Ni o,nd the Seifert invariant of Ti^ at Sq is equal to the Seifert 
invariant of T\ at Si. 

Proof. The proof is similar to the proof of Lemma [8. 271 It suffices to show that the 
normal form of S^ is determined by Ri, {Gi)^^, {Gi)N and the Seifert invariant of 
J^i at Si for each i = and 1. Since we argue on each i — and 1 separately, we 
omit the subscript i in the following argument. By Lemma 18.171 the isomorphism 
class of (S, ajs) is determined by R and Gs. 

We will show that the T^-equivariant symplectic normal bundle i? of S is deter- 
mined by the given data. By the slice theorem, the T^-equi variant normal bundle 
of S is determined by Gs and the action of Gs on the fiber Ex of E over a point 
a; in S. Hence it suffices to show that the symplectic representation of Gs on E^ 
is determined by the given data. By the assumption, the Gs-action on E^ is de- 
composed into a direct sum of two 2-dimensional symplectic linear representations 
as Ex = TNx © TBx- Note that the actions of Gs on TNx is not discrete by 
the assumption. Since the signature of the weight of the actions of Gs on TNx is 
determined by the assumption on Nf using the expression of a on a finite covering 
of an open tubular neighborhood as the argument in the last part of the proof of 
Lemma 18.211 the isomorphism classes of direct summands are determined as uni- 
tary representations by the given data by Lemma 18.261 Hence it suffices to show 
that the action of Gs on TBx is determined by the given data. First, we show 
that Gb — (Ge)o. Gb is contained in Gs clearly. Since Gb acts on a fiber of the 
normal bundle of B effectively, Gs is isomorphic to a subgroup of S0(2). Since 
Gb is of dimension 1, Gb is isomorphic to . Hence we have Gb = (Gs)o- Then 
the action of Gs on TBx factors the action of G^/{G^)o = G^/Gb on TBx- Since 
the action of G^/Gb on TBx is determined by the Seifert invariant of J- at S, the 
proof is completed. □ 

Assume that S is neither contained in i?niin nor in Sinax- Let N'^ and iV^ be the 
two if-contact submanifolds containing S. We have 

Lemma 8.30. /(p, S) = GGD{I{p, N^), I{p, N^)). 

Proof. By Lemmas 18.51 and 18.241 we have a coordinate on an open neighborhood of 
S such that p is written as 

(256) {t,s) ■ {C,Zi,Z2) = (r°C,t"^s'"i^i,i"^s"^Z2) 

where ni, 712, mi and m2 are integers satisfying GCD (no, ni, 712) = 1, GCD(7tt,i, 7712) = 
1 and 7T.0 = I{p,'S). and iV^ are defined by the equations zi = and Z2 — 
respectively in the above coordinate (C,zi,Z2), because their tangent bundles are 
invariant under p. By the assumption, 7711 and 7712 are nonzero. Since we have 
I{p,N^) = |7T.om2| and I{p,N^) = \nomi\, the proof is completed. □ 

8.4. Normal forms of if-contact lens spaces and gradient manifolds. A 

gradient manifold of a 5-dimensional if-contact manifold of rank 2 is a if-contact 
manifold of rank 2. The closures of gradient manifolds are not submanifolds of 
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M in general near -Bmin or i?max of dimension 1. Since the limit set of a gradient 
manifold is the union of two different closed orbits of the Reeb flow, we can obtain 
normal forms of gradient manifolds by the normal form theorem of closed orbits. 

We fix an isomorphism Gi — > and identify Gi with for i = and 1. Let 
Ri denote the element of Lie(r^) corresponding to the Reeb vector field of ai for 
1 = and 1. We assume Rq = Ri and denote them by R. We fix X in Lie(r^) 
which is not parallel to R. Put <I>i = ai{X) where X is the infinitesimal action 
of X. The maximal component and the minimal component of $j are denoted by 
^maxi and i?mini, respectively, for i = and 1. 

Let Li be a gradient manifold of <i>i in (Mi,Q!j) for i — Q and 1. Let be the 
a-limit set of Li, and be the cj-limit set of Li. Let N} be the closure of Li in 
Mi for z = and 1. 

A diffeomorphism / from an open neighborhood Uq of Lq to an open neigh- 
borhood Ui of Li is said to be an isomorphism if /{Lq) = Li, f*ai = aQ and 
f{po{x,g)) = pi{f{x),g) for every x in Uq and every g in T^. 

8.4.1. Smooth cases. Assume that 7V/ is a smooth submanifold of Mi for z = and 
1 . Let be a 3-dimensional if-contact submanifold containing other than 
for i ~ and 1. Let Nf be a 3-dimensional iiT-contact submanifold containing T,} 
other than for i = and 1 . The existence of and Nf for i — and 1 follows 
from Lemma [5201 Note that N° and Nf can be -Bmini or i?„iaxi of dimension 3 for 
i = and 1. 

We prepare a lemma. 

Lemma 8.31. Let{No,ao) and{Ni,ai) he two connected Z- dimensional K- contact 
manifolds of rank 2 . We fix an isomorphism Gi — > . We assume that Rq — Ri 
where Ri is the element o/Lie(r^) corresponding to the Reeb vector field of ai for 
i = and 1. We denote Rq and Ri by R. We denote the contact moment map of 
{Ni, Ui) by for i = and 1. 

Let Ui and Vi be open sets of Ni invariant under the Reeb flow of Ui for i = 0, 1. 
Let f be an isomorphism from (Vbjaolvo) (Vi, aijv^^). Assume that 

(i) Ui is contained in Vi, 

(ii) Ni — Ui is connected and 

(iii) Ui and Vi have two connected components. 

Then we have an isomorphism f: {No,ao) > {Ni,ai) such that fo\uo — /• 

Proof. First, we show that each fiber of is an orbit of pi. Note that each 
connected component of the fibers of <i>Q. is an orbit of pi. It is because the orbits 
of Pi are of codimension 1 in Ni and the contact moment map . is a submersion 
on the union of orbits with trivial isotropy group of pi by Lemma 13.181 Hence it 
suffices to show that each fiber of $i is connected. Fix an infinitesimal action Yio of 
Pi so that every orbit of the flow generated by Yio is closed. Wc denote the S^-action 
generated by Yiq by p^. We put a'i — -^p-^^ct. Then da'i induces a symplectic form 
on the orbifold N/p'i. pi induces an S'^-action Pi on N/p'i. We show that Pj is 
a hamiltonian 5'^-action on {Ni/ p^,da'i). Let Zi be an infinitesimal action of Pj. 
Then there exists an infinitesimal action Zi of pi such that tt^Z; ~ Zi, where tt is 
the canonical projection Ni — > Nij p'i. Note that a{Zi) is constant on the orbits 
of Pi and can be regarded as a smooth function on Nij p^. The 1-form L{Zi)do! is 
basic with respect to p' and can be regarded as a 1-form on Ni/ p^. i{Zi)da' is equal 
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to i(Zi)do! as a 1-form on NrJ p[. Since Lz^o! = 0, we have d(a'{Zi)) = —L{Zi)da' , 
which imphes that p is hamiltonian. The fibers of the hamiltonian function a'{Zi) 
on Ni/p[ is the quotient of the fibers of the contact moment map on {Ni,ai) by 
p' . Hence to show that a fiber of $i is connected, it suffices to show that the the 
fiber of the hamiltonian function a' {Zi) on Ni/ p[ is connected. This follows from 
the connectivity of the fibers of the moment map of symplectic orbifolds. We refer 

Since Ui is invariant under the Reeb flow and the fiber of $0,. is an orbit of p^, 

(257) '^c.M)^'^o.AN^-U,)^% 

for i = and 1. Assume that ^ai{Ui) n $Q.(A^j — Ui) contains a point x,;o. Since 
<l>~.^(a;io) is an orbit of pi, $".^(2:^0) is contained in Ui n {Ni — Ui) by the invariance 
of Ui under the Reeb flows. It is contradiction. Hence (|257p is proved. 
We show 

(258) $ao(^0)=1>c.i(iVi). 

In fact, we show that the assumption implies that (A^j) is the convex hull of 
^ai{Ui) for i ~Q and 1. Note that the image of ^-^d are contained in a 
1-dimensional afline space {v € Ue{T'^)*\v(R) = 1} of Lie(r2)*. $a,(iV, - U.,) is 
a connected interval in ^a.{Ni). Hence the number of the connected components 
of $ai(C^z) is one or two. If the number of the connected components of ^ai{Ui) 
is two, ^ociiNi) is the convex hull of ^ai{Ui) clearly. Assume that the number 
of the connected component of ^ai{Ui) is one. Let Ul and U^ be the connected 
components of Ui. Since a fiber of and is an orbit of pi for i — and 1, 
Ul n Uf = 0, and it is contradiction. Hence (|258|) is proved. 

Since f\uo' Uq — > Ui is an isomorphism, we have ° f — ^an- Then we have 

(259) $ao(C/o) = $ai(C/i). 
By ((257)) . (|258l) and p59)) . we have 

(260) $„„(7Vo-C/o) = $ai(A^i-C/i). 

We put S = [No — Uo) = <&Qi (A^i — Ul). We have a 3-dimensional JsT-contact 
manifold (T^ x S, (3) of rank 2 where (3 is defined by 

(i) /3(^) = where ^ is the basis of the tangent space of 5 in the product 
T'^xS and 

(ii) /3|p-i(s) ~ s for s in S* where we regard s as a 1-form on T^. 

Then the image of the contact moment map of (T^ x S, f3) is S. By Lemma 4.9 
and Proposition 5.2 of ,18^, two 3-dimensional AT-contact manifolds of rank 2 are 
isomorphic if the images of the contact moment maps are the same convex sets. 
Hence (A^o — Uq, ao\No-Uo) and (A^i — Ui,ai\Ni-Ui) are isomorphic to (T^ x S, (i). 
We put i?o — Ri — o.'S^ ~^ for real numbers a and b. We put a coordinate 
s — sidx + S2dy on Lie(r^)*. Then 5* is defined by the equation asi + bs2 — 0. If 
we put si = TTT-^ and S2 = ^rr^, (i is written as /? = dx (cos t)+dy {sin t) 

^ ^ a cos t+h sin t ^ acosi+osini' " " acost+hsn\t 

We identify (A^o — f^o, Q!o|jVo-c/o) and (A^i — C/i, q;i|jvi-;7i) with {T^xS, (3) respec- 
tively. Then / is regarded as an isomorphism / from an open neighborhood of the 
boundary of (T^ x S,(3) to an open neighborhood of the boundary of (T^ x 3,(3). 
To prove Lemma 18.311 it suffices to show that / extends to (T^ x S*, /3) as an iso- 
morphism. Since / commutes with contact moment maps and is T^-equi variant, 
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/ is written as f{x,y,t) — (x + fi{t),y + /2(0i^) where fi and /2 are functions 
on S defined only near the boundary of S. Note that for a diffeomorphism F on 
T'^xS written as F{x, y, t) = {x + Fi{t),y + F2{t),t), we have F*/3 = /3 if and only 
if F[ (t) cos t + F2 (t) sin t = 0. Hence to extend /, it suffices to show that fi and 
extend to S satisfying fi{t) cost + f2{t) sini — 0. 

We denote the endpoints of S by sq and si. We put the values of the parameter t 
at Sj by tj for j = and 1. First, take a smooth function fi on 5" whose restriction 
to an open neighborhood of t — to coincides with and whose restriction to open 
neighborhoods of the points t = and t — tt is equal to cos t if t — or t — tt is 
contained in the interior of the domain of /i . Then there exists a unique smooth 
function /2 which satisfies 

(i) /( (t) cos t + (t) sin t = and 

(ii) /2IVK0 = /2IW0 

where Wq is an open neighborhood of sq. Since the derivation of /2IW1 and /2IW1 
are equal, we have a constant c such that /2IW1 ~ /2IW1 = c where Wi is an open 
neighborhood of si contained in the domain of /2. c is determined by /i. To extend 
fi and /2 on S, it suffices to choose /i so that the constant c is zero. We show that 
there exists a smooth function r on 5' such that fi+r satisfies the desired condition. 
Choose an interval [wq, wi] in S which does not contain parameters t = nor t — tt 
and does not intersect Wq nor Wi . Take a nonzero smooth function ri on S whose 
support is compact in {wq, wi) and satisfies J^^ r[{t)^^dt = 1. Put r{t) — —cri{t). 

Then we have J^^^ flfl*^^ — ^'^^ h be the unique smooth function on S 
which satisfies (/{ {t) +r{t)) cos t + f2 {t) sin t ~Q and /2 1 vKo — h\wo- Then we have 
/2IW1 — f2\wi = c — Jj*J^ r'{t)^^dt = 0. Hence the proof is completed. □ 

We have 

Lemma 8.32. There exists an isomorphism from {Nq , a\j\fi) to {Nl,a\j^i) map- 
ping Eq to T,i if and only if (Gq)^] — (Gi)j^j for j — and 1. 

Proof. It suffices to show that the isomorphism class of {Nl , a\j^i) is determined 
by Ri, G^o and G^i for i — and 1. Since we argue on each i — and 1 
separately, we omit the subscript i in the following argument. (N^ , a\]\[i) is a 3- 
dimensional contact toric manifold. By the classification theorem of 3-dimensional 
contact toric manifold by Lerman [18] . the isomorphism class of a 3-dimensional 
contact toric manifold is determined by the maximum value and the minimum value 
of the contact moment map. By Lemma |8.18[ the maximum and minimum values 
of contact moment map on are determined by R, Gsp and • Hence Lemma 
is proved. □ 

Let Aj be an open tubular neighborhood of Sg in Mq for j = 1 and 2 and 
/°: A2 — > Ml be a diffeomorphism into Mi. Assume that 

(i) fiA2nN^)^f^iA2)nN\ 

(ii) "oUa = f°*ai\A2, 

(iii) Aj is invariant under the Reeb flows of aoU2 and f^*ai\A2 and 

(iv) the closure of Ai is contained in A2. 

We show 
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Lemma 8.33. There exists an isomorphism f from an open neighborhoods of Nq 
to an open neighborhood of which maps Eq to Sj* and satisfies f\Ai ~ f^\Ai if 
and only if (G 0)^1^ = (^Osj for j = 0, 1 and {Go)j^,^ = (Gi)^j for j = 0, 1, 2. 

Proof. By Lemmas 18.71 and 18. 8[ it suffices to construct an isomorphism (f> : Nq — s- 
Nl and the isomorphism q between T^-equivariant symplectic normal bundles of 
Nq and N^ which covers such that (j)\A[ = /"U'j and the restriction of q on A'l 
is induced from f'^ for an open neighborhood A'^ of Ai. 

We construct 0. By Lemma 18.321 we have an isomorphism (/)' : Nq — > N^. 
f o is an isomorphism from an open neighborhood (/)([/) to (f>'{U) where U is 
an open neighborhood of Ai in A^q. By Lemma |8.31[ there exists an isomorphism 
0" : Nl — > Nl such that (/."U^ = / o We put = 0' o Then is an 

isomorphism cf): Nq — > Nl such that (/)|^'^ = /^U'^- 

We construct q. Since the normal bundles of Nq and Nl are vector bundles 
of rank 2, the symplectic structures on fibers of the normal bundles of Nq and 
Nl are volume forms. Hence to construct an isomorphism as symplectic vector 
bundles between the normal bundles of Nq and Nl, it suffices to construct an 
isomorphism q between their underlying oriented T^-equivariant vector bundles. 
We have an ao-preserving T'^-action tq on an open neighborhood of Nq by Lemma 
18.121 Conjugating the restriction of tq to A[ by /, we have an a 1 -preserving Tr- 
action Ti on an open neighborhood of Y^l such that tq = f~^ ° ti ° f- The generic 
orbit of Ti in iV/ is diffeomorphic to T^. Let Cq be a T^-orbit of tq in Nq n A[. 
We fix the Heegaard decomposition of Nq of genus 1 which is invariant under tq 
such that Co is the boundary of two solid tori. We fix the Heegaard decomposition 
of Nl of genus 1 by mapping the Heegaard decomposition of Nq by / as in the 
following diagram: 

(261) 51 X 



Nl 



51 X 

Cutting the total space Eq of the normal bundle of Nq along the union of fibers 
over Co, we have a r-invariant decomposition of Eq defined by 

(262) Eo = {S^ X D^)o x (fi-i x D'^)i x 
such that To is written as 

(263) t • (C, zi,Z2) - (;^o(t)C, lii{t)zi,fQ^{t)z2) 

on {S^ X dD^)j X for every t in T^ where Iqq, Iq^ and Iq2 are homomorphisms 
from to for j = and 1. The attaching map Aq: {S'^ x dD'^)o x — , 
{S^ X dD'^)i X is written as 

(264) io(C, zi, Z2) = {Q^zl Czt Cz^zt) 
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with respect to the standard coordinates. Note that the map Aq : (5^ x dD^)o — > 
xdD^)i defined by 

(265) Ao{C,Zi)^{CzlCzf) 

is the attaching map of the Heegaard decomposition of Nq of genus 1. The deter- 
minant of is —1. 

We decompose the total space Ei of the normal bundle of Nq along the union 
of fibers over /(Co) as 

(266) El = {S^ X D^)o X u^^ {S^ x D^)i x R^. 
Using the coordinate 

(267) {S^ X D^)q X ]R2 ^ Eo — ^ Ei 

as the coordinate near Ej, ti is written as 

(268) t • (C, zi, Z2) = [lioitK, liAt)zi,li^{t)z2) 

on {S^ X dD^)j X for every t in where ^io(t), 'ii(t) and Z^2(*) ''^^'^ homomor- 
phisms from to for j = and 1. 

Since the Heegaard decomposition of Nq is mapped to the Heegaard decompo- 
sition of Nl by (j), the attaching map ii : (5^ x dD'^)o x — > {S^ x dD'^)i x 
is written as 

(269) Ai = 

with respect to the standard coordinates where Ai = y4o = ( ° ^) : (5^ x dD^)o — > 
{S^ X dD^)i is the attaching map of the Heegaard decomposition of Nl of genus 1. 
The determinant of j4i is —1. 

Since / is T^-equivariant and we took the decomposition by the coordinates 
(|261|) and (|267p . the following equations are satisfied: 

K^'^i '00 — '10' '01 — nil '02 — '121 '00 — noi '01 — ni- 

Let Pi be given as 

(271) (io,ii) • {Z1X.Z2) = [tftfzi^e^f^Q^tftfz^) 




on (5"^ X dD'^)i X R^ so that det M 'J is positive for j 0, 1 and z = 0, 1. 

\% PoJ 

Then we have 

(272) 9S = 9?,pS! = rf, = sU'o = 4,u°o = < ^0° - 

by (l^fOD . 

For i — and 1 , the T^-equivariant normal bundle of Nl is determined by , 
pI and Ai for j — 0,1. Note that since the attaching map Ai respects pi for 
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i = and 1 we have 
(273) 




Hence by (j273p , and p] are determined by g° , p° and Ai . Hence 

to construct q, by (|272[) . it suffices to show eg — ei and /o — fi- Then Lemma [8. 331 
follows from Lemma 18.341 below. □ 

Lemma 8.34. We drop the index i in the notation in the proof of Lemma \8.SS\ 
We put k" = I{p,N"), fci = I{p,N^) and ^ I{p,N^). We put 

(274) h° = det 

We have equations 

(275) 



/ So 




,h^ ^deti^^ 






VoJ 







{be - a/)fci = + afcO _ ^/^o^ 
{de-cf )k^ = h^+ck° -dh°. 



Proof. We have 
(276) 



detl'^" ^° ,fci=detr° ""U-detP^ ''M , -fc^ ^ det ^ 



v^o Wo/ \qo PqJ \qi Pi J \ui Vi 

by the definition of k'~', k^ and k^. 

Substituting (|273p to the third equation of (|276D . we have 

(277) - fc2 = {be - af)k^ - ak" - bh°. 
Substituting (|273p to the second equation of (|274p . we have 

(278) = {de-cf)k^ -ck° + dh°. 

□ 

8.4.2. Nonsmooth cases. Assume that the closure N} of Li is not a smooth sub- 
manifold of Mi for i = and 1. Then we have L{pi,Li) = 1 for i = and 1 by 
Lemma 13.91 

Assume that there exist a pi-invariant open tubular neighborhood f// of T,j for 
i = 0,1 and j — 0,1 and an isomorphism : (C/q, ao\^j) — > {Ul, ai\ijj) such that 
f^{Lo nU^)^ LiH Ul for j = and 1. 

Lemma 8.35. There exist an open neighborhood Ui of Li for i = and 1 and an 

isomorphism f : (C/q, Q;o|(7o) > (f^i,ai|(7i) such that f{Lo) = Li and f\winUo = 

f-'lwmUo f'^'^ open neighborhood o/ Sq for j = and 1. 

Proof. By Lemma [8.311 there exist an open neighborhood Ui of Li for i = 0, 1 and 
a diffeomorphism /: Uq — > Ui such that f{Lo) = Li and {f\Louuguu^)*'^i = "^o- 
Let Ei be the T^-equivariant symplectic normal bundles of Li — Ui U C// in 
{Mi — Ui U ul, ai) for I = and 1. By Lemma [5771 to prove Lemma [8. 351 it suffices 
to show that Eq and Ei are isomorphic by an isomorphism whose restriction near Sg 
covers /■' . Since Eq and Ei are vector bundles of rank 2, the symplectic structures 
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on fibers of Eq and Ei are volume forms. Hence to construct an isomorphism as T^- 
equivariant symplectic vector bundles between Eq and Ei, it suffices to construct 
an isomorptiism q between tlieir underlying oriented T^-equivariant vector bundles. 
Li — {Uf U U}) is r^-equivariantly diffeomorphic to x [0, 1] for z = and 1. 
Since every T^-equivariant vector bundle over x [0,1] is trivial, Ei\^ 

is isomorphic to the trivial T^-equivariant vector bundle over x [0, 1] for i — 
and 1. Using these trivializations, we can extend the isomorphism -Bo|[/i — * 
Eo\iji induced from to an isomorphism (j): Eq\i^^_ijo — > £'i|^^_[;o. We have an 
isomorphism ip: Eq\uo — s- Ei\ijo induced from f^. To construct an isomorphism 
from i?o to El from (j) and ■(/;, it suffices to show that the diagram 

(279) ^ola(Lo-(7S) ^ ^ll9(Li-C/?) 



-^0 1 dU° ^ El I QUO 

commutes where Ai is the attaching map of Ei for j = and 1. By the assumption, 
^0 and '0"^ o ^1 o (/) is T^-equivariant bundle maps from a trivial T^-equivariant 
vector bundle over to itself. Since such map is unique, we have Aq = ^^^o^io0. 
The proof is completed. □ 

Assume that iJmini is a closed orbit of the Reeb flow for i = and 1. Let gi 
be a metric on Mi compatible with a, for i = and 1. Let is a closed orbit of 
the Reeb flow of for j — 1, 2, • • • , I and i = and \. Let L\ be the gradient 
manifold with respect to gi whose w-limit set is S^. Assume that I{pi,Ll) — 1 
and the a-limit set of L;^ is -Bmini- Assume that go is Euclidean with respect to a 
coordinate on a finite cover of an open neighborhood of -Bmin o which represents a as 
(|243p . Assume that we have an open neig hborhood Vi of u'^^Sf U B^im for i = 0, 
1 and an isomorphism fmin- (Vb,Q;o|vo) — <■ (Vi,Q;i|yj) which satisfies go — f*9i- 

Lemma 8.36. There exists an open neighborhood Uq of U'^j^Lg, an open neigh- 
borhood Ui o/ u'^j^Ej U Sinin 1 and an isomorphism f : Uq — > Ui such that /|wo = 
/minlw/o for an open neighborhood Wq o/U^-^iSj!, U B„iinO- 

Proof. First, we show that there exists a metric g'l on Mi compatible with ai such 
that 50 = /minKko) and ion/~i^„(Wo) = f'l^iL'l^Wo) for an open neighborhood 
Wo of Uj-^j^Sj Ui?niini, whcrc L'I is the gradient manifold with respect to g'l whose 
w-limit set is Ej. 

Since /min is an isometry on Vo, there exists an open neighborhood VI of U^-^j^Ej 

in Vi for i - 0, 1 such that D /'iUn') = /miU^'/ n V{). We modify gi on 
an open neighborhood of the boundary of a tubular neighborhood of -Bmini to 
obtain g'l satisfying the above conditions. We define an R>o-action a on an open 
neighborhood of i?niini conjugating the linear R>o-action on the orthogonal normal 
bundle of -Bmini by the exponential map with respect to gi for i = and 1. Since gi 
is Euclidean with respect to a coordinate on a finite cover of an open neighborhood 
of i?ininO which represent a as ()243p . the gradient manifolds are invariant under cr^. 
Hence the space of gradient manifold whose a-limit set is -Bmini is {S^ x S^)/pi, 
which is diffeomorphic to a 2-dimensional orbifold S with at most two singular 
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points. We denote the points in S corresponding to /min(io) ^^'^ M [/min(io)] 
and [L\] respectively. There exist small positive numbers 6, e, e' and an isotopy 
{ipt}tel€,e'] on iS* such that e<e + 6<e' — S<e' and ^pt is the identity for t 
in [e, e + S], ipt is a diffeomorphism tp such that ■(/'([-^i]) = [/min(-^o)] J — 
2, • • • , Z for t in [e' — S,€']. Let {yt}tg[g_£/] be vector fields on S which generate 
{'0t}tg[e_c']. We fix a trivialization 0: (5"^ x S'^ x [e, e'])/pi — > S x [e, e'] as a family 
of orbifolds diffeomorphic to S by using cri. Let y be a vector field on S" x [e, e'] 
defined by Fj^.t) — {Yt)x for a; in 5 and t in [e, e']. We define a vector field F' on 
X X [e,e'])/pi by Y' = {(p^y'^Y. We take a lift f of F' on x x [e, e'] so 
that y is tangent to kerai and invariant under pi. We put Z — Y + grad<i>i. We 
show that Z is realized as the vector field generating the gradient flow with respect 
to a metric g[ on M compatible with ai such that go = /minCffilw^i) ^o'' open 
neighborhood Wi of U^^j^Sj USmini- It suffices to show that there exists a complex 
structure J' on kerai which satisfies J'|vKi = J\wi for an open neighborhood Wi 
of Uj^;^I]j U -Bmini and defines a metric with the symplectic structure dai and 
J'X = Z by in]). We have dai{Z,X) = Z$i on x x [e,e']. Since Z$i is 
positive by the construction of Z, the vector bundle M.Z MX is symplectic on 
5^ X 5'^ X [e, e']. Hence we have J' satisfying the desired conditions. 

Then Lemma [8.361 is proved by applying Lemma [8l35] to Lq and L{ for j = 1, 2, 
■■■J. □ 



8.4.3. Normal forms of chains. Let Ci be a chain in {Mi,ai) for z = and 1. 
Let Lj, L|, • • • , L[ be the gradient manifolds which form Ci in the order of the 
superscripts. We denote the a-limit set of by S^"^ for j = 1, 2, • • • , / and z = 0, 
1. We denote the w-limit set of L\ by S' for i = and 1. We assume that the 
closure N^l of in Mi is a smooth submanifold of Mi for j = 1, 2, • • • , Z. We denote 
a iiT-contact submanifold containing other than iV^^ by for i and 1. We 
denote a Jf-contact submanifold containing other than iV' by N^'^^ for i = and 
1. Let Si be a closed orbit of the Reeb flow of ai for i = and 1. A diffeomorphism 
/ from an open neighborhood Uq of Cq to an open neighborhood Ui of Ci is said 
to be an isomorphism if /(Cq) = Ci, f*ai = ao and f{po{x,g)) — Pi{f{x),g) for 
every x in Eq and g in T^. We have the following: 

Lemma 8.37. There exists an isomorphism f from an open neighborhood of Cq to 
an open neighborhood of Ci mapping Eq to Ej* if and only if (Go)j;i = (Gi)j;i for 
j ^0, 1, ■ ■ ■ , I and (Go)jvJ = (Gi)^j for i = 0, I, ■ ■ ■ , I + I. 

Proof. We show Lemma 18.371 inductively on i. By Lemma I8.33[ there exists an 
isomorphism from an open neighborhood of Nq to an open neighborhood of 
mapping Sq to Ej*. Lemma [8.371 is true in the case where I = s. Consider the case 
where I = s + 1. By the induction hypothesis, there exists an isomorphism from 
an open neighborhood of U^^qA^q to an open neighborhood of U^^qA^j* mapping Eq 
to E?. Applying Lemma [03l to A^^ and A^^, we extend the isomorphism to an 
isomorphism / from an open neighborhood of Cq to an open neighborhood of Ci 
mapping E[] to E?. □ 
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8.4.4. Normal forms of a T^-orbit with trivial isotropy group. Let C be a T^-orbit 
of p with trivial isotropy group. Let L be a subset in M such that for an open neigh- 
borhood J7' of C in M, L n [/' is a if-contact submanifold of {U' ,a\ii') containing 
C. Then we have 

Lemma 8.38. There exists an open neighborhood U of C in U' and a dijfeomor- 
phism f:T^x [t° , t^] x C — >U such that 



and U n L is defined by the equation zi = where (x, y) is the coordinate on 
induced from the Euclidean coordinate on'M? , t and zi are the standard coordinate 
on [t^,t^] and C respectively. 

Proof. By the argument in the second paragraph of Lemma 18.311 we have an open 



for some real numbers a and b. Since the T^-orbits contained in L have trivial 
isotropy group of p, the normal bundle of L D U' is trivial as a T^-equivariant 
vector bundle. By Lemma 18.101 we have an open neighborhood [/ of C in M and a 



8.5. Normal forms of the minimal component and the maximal compo- 
nent of the contact moment map of dimension 3. Let Bi be the maximal 
component or the minimal component of the contact moment map of dimension 3 
in {Mi, ai) for i = and 1. We show 

Lemma 8.39. There exists an isomorphism from an open neighborhood of Bq to 
an open neighborhood of Bi if and only ifGso — Gbi, the oriented Seifert fibrations 
defined by the Reeb flows on Bq and Bi are isomorphic and the Euler classes of the 
normal bundles of Bq and Bi are equal. 

Lemma 18.391 follows from Lemma 18.11 and the following lemma: 

Lemma 8.40. Let ao and a\ be two K-contact forms of rank 1 on a closed 3- 
dimensional manifold M . (M, ag) and (Af, ai) are isomorphic if and only if the 
Reeb flows of and ai are isomorphic as -actions with transverse orientations. 

Proof. The "only if" part is trivial. We show the "if" part. Assume that ao and 
ai have the common Reeb vector field R. Let p be the Reeb flow. We define 
(3t ~ {1 — t)ao + tai for t in [0, 1]. Since (1 — t)dao + tdai is a volume form 
on the base space by the assumption, f3t is a contact form for every t. Hence 
{ker/3t}jg[Q j] defines an isotopy connecting kerao and kerai as p-invariant contact 
structures. By the cquivariant version of Gray's stability theorem jl4| . we have a 
/9-equivariant diffcomorphism /: M — > M such that /^(kerao) = kerai. Since / 
is p-equivariant, we have = R. Hence f*ai = ao- D 

We denote the symplectic normal bundle of B in M by E. We show that 

Lemma 8.41. There exists an open neighborhood V of the zero section of E in E, 
an open neighborhood U of B in M and a diffcomorphism f : V — > U such that 
/|b = ids, the restriction of f*da to each fiber of E is linear and f is cquivariant 
with respect to p on U and the linear action on V induced from p. 



(280) 





diffeomorphism f : T'^ x [t° , t^] xW^ 



U which satisfies the desired conditions. □ 
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Proof. Let g be a metric on M invariant under the Reeb flow. There exist an 
open tubular neighborhood V' of the zero section of E in E and an open tubular 
neighborhood U' of B in M such that exp: V' — > U' is a diffeomorphism. Let 
p: E — > N be the projection. We denote the kernel of Dp: TE — > TB by EE. 
Let /3o be the element of C°°{/\^FE*\vi) obtained by the restriction of exp* da 
to h'^FE\v'. Let /?! be the element of C^{K^EE*\v') obtained by the linear 
symplectic form defined by da. Since (-Dexp)^; = idy^M for x on B under the 
natural identification of TxE with T^M , we have 

(281) (/3o). = iPi). 

for X on B. Let 5 be the element of C°°{a'^FE*\v') obtained as the restriction of 
exp* da — da to A^FE\v'. Then we have that S\b = and d6 = Pq — Pi- We define 
Wt = (1 — t)(3o + tPi foi' t in [0, 1]. By (|281|) . there exists an open neighborhood 
V" of B m. E such that u)t is nondegenerate on V" for every t in [0,1]. Define 
the element Zt in C°°{FE\v>') by tz,wt + ^ = for t in [0, 1]. Then the isotopy 
{'4't}t^[o,i\ generated by {Zt\t£[o,i\ satisfies V't^t — ^o- In i&ct, we have 

(282) = ^* (^c^t + dL{Zt)ut) = rtd{S + iiZtPt) = 0. 

Note that Zt\B — since S\b — 0. Hence ■01 is well-defined on an open neighborhood 
V of B in E and satisfies "01 Is = ids- Since Zt is invariant by the linear action 
induced from p, ipi is equivariant with respect to the linear action induced from p. 
Hence if we put / = expoipi^ then / satisfies the desired conditions. In fact, we 
have f*da = exp* da = iplPi = Pq. □ 
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